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On the Shoulders of Giants

Three Predictions that make the Difference

Down to earth engineers as we are, we base ourselves on the proven fundamentals of physic. To us,
Noether’s conservation laws of energy and momentum are the key to the repair of Einstein’s relativity
theories. Noether was a pupil of Hilbert; both of them were convinced that Einstein’s theory of
General Relativity did not fulfill the requirements to prove energy conservation1. In Noether and
Hilbert, we find two (deceased) allies in our quest. In this book we will unite Einstein’s local
energy-momentum conservation with Noether’s frame wide energy-momentum conservation,
see figure 2.

The most important prediction of Quantum Relativity comes from the Hubble telescope observations.
The Hubble telescope will confirm that events at galaxies are observed redshift plus one (z + 1)
faster than at galaxies close by (see book III).
The second prediction comes from our second book, the high temperature in the core of the
earth (more than 5,380 Kelvin) and the sun (more than 15,500,000 Kelvin) are mostly caused by
energy conservation and not by nuclear fission or fusion alone (see chapter 6).
The prediction in our first book comes from a new addition to the Doppler family, the Doppler
Effect in which both the source and the receiver move at high speed within the reference frame of
the earth, similar to sound waves in the air. We predict that the clocks of both the source and the
receiver will slow down, irrespective of the direction of movement relative to each other.

Is the speed of light constant under all circumstances?
yes

no

Noether: Yes, needed to
prove energy conservation

Einstein: No, not within
a gravitational field

Noether (reference) frame
is Euclidean or “flat”

In gravitation, space-time
is curved

These three predictions are contrary to current thinking. Quantum Relativity also explains the
distribution of galaxies within our universe, and explains why the Pioneer 10 & 11 decelerate
(the “Pioneer 10 & 11 anomaly”) with the speed of light times the Hubble constant (c.H).

The understanding you will gain
This book II is all about the gravitational field of a sphere of incompressible liquid. The Schwarzschild
solution, Noether’s laws of energy-momentum conservation, Newton’s laws, and Special Relativity
merge together (in red) into “Quantum Relativity for Gravitation” and into “Force Based Relativity”,
see figure 3.

Authors: Space-time is curved within a Noether frame,
“extrinsic curvature”. Einstein’s curvature is split into
extrinsic and intrinsic curvature
Figure 2: Uniting Noether’s conservation laws with Einstein’s Relativity

Noether’s Laws

We also base ourselves on the Quantum Theory, with the emphasis on Heisenberg’s uncertainty
principle and the Fredkin finite nature hypothesis. In other words, we stand on the shoulders of
giants of fundamental physics like Einstein (relativity), Noether (energy-momentum conservation),
Bohr (quantum physics) and Fredkin (digital physics). We also base our theory on the work of
Schwarzschild (solving Einstein’s field equations for a singularity and for a static sphere) and
Robertson-Walker (solving Einstein’s field equations for the universe based on “comoving
coordinates”).

Quantum Relativity for Gravitation

Special Relativity

Experiments and Observations

Intrinsic Curvature

We accept the outcomes of all relativistic experiments. We have tested our theory against the
following experiments: Michelson-Morley, Ives-Stilwell, Kündig, Pound-Rebka, Shapiro, and
Hafele-Keating. We accept all of the following observations: Eddington’s observation of the
bending of starlight around the sun, Mercury’s perihelion precession, the gravitational redshift
of the sun on earth, the redshift of the Cosmic Microwave Background Radiation (CMBR), the
distribution of galaxies over its redshift, the behavior of clocks in (GPS) satellites, the gravitational
waves as measured by Hulse and Taylor, and the change in gyroscope orientation of Gravity
Probe-B. In summary, our theory is not in conflict with the outcome of any relativistic experiment.
1
Noether, E. (1918). “Invariante Variationsprobleme”. Translated by Tavel, M. “Invariant Variation Problems”. Transport Theory
and Statistical Physics, 1971. 1(3) p. 186-207.

Schwarzschild Solution

Newton’s Laws

Force Based Relativity

Extrinsic Curvature

Trajectory Curvature and Orbits
Figure 3: Merging in red, consequences in blue

Quantum Relativity for Gravitation explains the behavior of clocks around the world accurately
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(Hafele-Keating, international atomic time), explains gravitational redshift (Pound-Rebka and
others), explains the escape speed from earth, and explains the high temperature at the core of
massive spheres like the earth, sun, and neutron stars.
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0: Extended Summary

This chapter summarizes the content of this book in more detail than the abstract, and refers to the
relevant paragraphs and chapters for further detail.

ds2 = dr2 + r2.dθ2 + r2.sin2θ.dφ2 = dx2 + dy2 + dz2

Schwarzschild found two exact solutions to Einstein’s theory of General Relativity in 1916. The
first exact solution describes the gravitational field around a singularity, see paragraph 2.01.
The gravitational field of a sphere of incompressible liquid was his second exact solution, see
paragraph 2.02. The current solution has evolved from both of the originals, modified initially by
Eddington in 1922 and later by Misner, Thorne, and Wheeler (MTW) in 1975 and is referred to as
“the” Schwarzschild solution, see paragraph 2.03.

The repaired solution (4.06.1) can thus be reduced to a solution in both Cartesian and polar coordinate
differences within the Noether frame because of the extra term “σ2”:
c2.dt02 = c2.σ2.dt∞2 – ds2 / σ2		

[m02]
[m02]
[]
[m]

line-element
“the” Schwarzschild solution
gravitation-factor (r ≥ R)
Schwarzschild radius

[m02] repaired Schwarzschild solution

We still need to include the missing coordinate of time difference “dt”. This coordinate of time
difference “dt” is different from a measured time difference from infinity “dt∞”.

Although Schwarzschild’s second solution is exact, Schwarzschild modified the meaning of an
auxiliary variable “R” to a “measured from outside” radius, which Eddington changed into a
coordinate “r”. MTW used Eddington’s solution to a singularity for the solution in vacuum around
a sphere of incompressible liquid based on Birkhoff’s theorem, see paragraph 2.06. This combined
and evolved solution is still used today, whereby the symbol “R” is now reserved for the radius of
the sphere, see paragraph 2.03:
= c2.dt02		
= c2.σ2.dt∞2 – dr2 / σ2 – r2.(dθ2 + sin2θ.dφ2)
= (1 – RS / r)½ 		
= 2G.M / c2		

(1.03.4)

Note that we do no longer use the subscript “N” for Noether values as we did in Book I. The reason
is that these subscripts become cumbersome; this book does not deal with universal values, the
Noether values in this book are without subscript. In our next book, we will reintroduce the
subscript “N” for Noether values, to distinguish these from universal values without subscript.

0.01 Repair of the Schwarzschild Solution

ds2
c2.dt02
σ
RS

[m2] Noether space distance

Coordinates determine position and time within a Noether frame (for example “dx” and “dt”), while
measurements of space and time by real observers (for example “dt0” and “dt∞”) are influenced by
space-time curvature. Unwittingly, Shapiro found and proved the relation between coordinates and
measurements from far (from infinity) for time differences, see the paragraphs 4.02 and 4.03:
dt∞ = dt / σ2		

(2.03.1)
(2.03.2)
(2.03.3)

[s]

Shapiro solution

(4.03.1)

This is the relation that the authors were looking for to complete the coordinates of the repaired
Schwarzschild solution, the time difference coordinate “dt” was missing. By substituting (4.03.1)
into (4.06.1), we get:
c2.dt02 = c2.σ2.dt∞2 – ds2 / σ2 = (c2.dt2 – ds2) / σ2

In this solution, is “ds” the line-element, “c” the speed of light, “dt0” the time difference as measured
on a proper clock in gravitation, “σ” the gravitation-factor, “dt∞” the time difference as measured
from infinity, “R” the radius of the sphere, and “RS” the Schwarzschild radius of the sphere. The
Schwarzschild radius “RS” depends on the mass “M” of the sphere and the constants of nature
“G” (Newton constant) and “c” (speed of light). The proper observer is located at (r,θ,φ) of a polar
coordinate system, which has its origin at the center-of-mass of the sphere.

[m02] repaired Schwarzschild solution

And finally, by realizing that ds = v.dt of a proper observer with clock within the Noether frame, we
get “Quantum Relativity for Gravitation”, see paragraph 4.06:
dt0 = σ.dt∞ / γ = dt / σ.γ		
σ = (1 – RS / r)½
0<σ<1
2
2 -½
γ = (1 – v / c )
γ>1

The authors describe the evolution of this solution (chapter 2) plus why (chapter 3) and how (chapter
4) this solution has to be modified to adhere to Noether’s laws of energy-momentum conservation.
This repair is minor, it involves an extra term “σ2” in the transversal directions “θ” and “φ”, see
paragraph 4.06. This will restore the constancy of the speed of light in all directions. Compare the
current to the repaired solution:

[s0 ]
[]
[]

Quantum Relativity for Gravitation (4.06.1)
gravitation-factor (r ≥ R)
(4.06.2)
boost-factor
(4.06.3)

We have found what we were looking for, the relation between the polar coordinates (r,θ,φ) and
coordinate differences (dt,dr,dθ,dφ) of a Noether frame and the time difference measurement of a
proper observer “dt0” in proper seconds [s0 ] at speed “v” within the Noether frame of a sphere of
incompressible liquid.

c2.dt02 = c2.σ2.dt∞2 – dr2 / σ2 – r2.(dθ2 + sin2θ.dφ2) [m02] “the” Schwarzschild solution (2.03.1)
c2.dt02 = c2.σ2.dt∞2 – dr2 / σ2 – r2.(dθ2 + sin2θ.dφ2) / σ2 [m02] repaired Schwarzschild solution (4.06.1)

When the gravitation-factor “σ” equals one, the (repaired) theory of Special Relativity re-appears,
see book I.

The polar coordinates (r,θ,φ) only make sense within a Euclidean reference frame (“Noether
frame”), space can be curved, but reference frames in which energy-momentum is conserved must
be Euclidean, according to Noether’s laws, see paragraph 1.04. Within such a (Euclidean or “flat”)
Noether frame, space distance “ds” is determined by (see paragraph 1.03):

To apply physics, we need to use the coordinates and coordinate differences of the Noether frame in
Cartesian (dt,x,dx,y,dy,z,dz) or polar coordinates (dt,r,dr,θ,dθ,φ,dφ), see paragraph 1.03. Note that
coordinates are immeasurable in gravitation, we must know the relation between measurements and
coordinates, like formula (4.03.1). Let us have a look at the implications.
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0.02 Quantum Relativity for Gravitation

0.04 Intrinsic and Extrinsic Curvature

Formula (4.06.1) of Quantum Relativity for Gravitation has two formats, one using the time difference
measured from infinity “dt∞” and one using the Noether coordinate of time difference “dt”. The first
format, using “dt∞”, is used to establish clock and time differences, see paragraph 4.07:

The distinction between a hypothetical Noether frame and curved space-time forces us to separate
extrinsic curvature (curvature of space-time within the Noether frame) from intrinsic curvature
(trajectories and orbits within space-time), see paragraph 7.01. Intrinsic curvature is based on Force
Based Relativity, see paragraph 8.02, which is for a sphere of incompressible liquid:

dt0 = δ.dt∞		[s0 ]
δ =σ/γ
0<δ<1
[]

Quantum Relativity for Gravitation (4.07.1)
clock-factor
(4.07.2)

κint = G.M.(1 – β2.cos2φ) / σ2.v2.sin2φ.r

[]

intrinsic curvature (r ≥ R)

(8.02.3)

The clock-factor “δ” also determines the speed of a proper clock (ν0_clock ) relative to the fastest
clock (ν∞_clock ), the “Schwarzschild clock”, see chapter 11. Formula (4.07.1) is confirmed by the
Hafele-Keating experiment, which was originally explained by three different effects (Special
Relativity for speed, the Schwarzschild solution for the radial effect of gravitation, and the Sagnac
effect for the rotation of the earth), see book I. Formula (4.07.1) can also be used to synchronize time
on earth, synchronizing all cesium clocks based on each of the clock-factors, see paragraph 11.08.

Extrinsic curvature turns out to be equal to the intrinsic curvature of photons (v = c), resulting in the
following formula, see paragraph 8.03:

The other format of formula (4.06.1), using the Noether time difference “dt”, leads us to lifetime of
mass-particles “dT” and energy “E” of mass-particles within a Noether frame, see chapter 5:

As a consequence of intrinsic and extrinsic curvature, circular orbits are subject to the following
condition, see paragraph 8.04:

dT = η.dT0		
E = m.c2 = η.m0.c2		
η = σ.γ
η>0

v2 = G.M / (r – 1½RS )

[s]
[J]
[]

lifetime of mass-particle
conserved energy (mass)
conservation-factor

κext = G.M / σ2.c2.r		

(5.07.3)
(5.07.6)
(5.02.3)

[N]

[m]

Schwarzschild radius

(6.03)

Static black holes do not have a (coordinate) singularity and thus no singularity at its core.
Schwarzschild’s first and exact solution to a singularity (see appendix A), allows light and massparticles to escape from a singularity. This means that there is no photon sphere or last stable orbit
according to this first solution, see paragraph 2.01. Schwarzschild’s second and exact solution to
a sphere of incompressible liquid (see appendix B), limits the Schwarzschild radius “RS” to 8/9 of
the radius “R”, see paragraph 2.02. This means there is no “falling through the event horizon” in
the vacuum of a sphere of incompressible liquid according to Schwarzschild. In other words, static
black holes as singularity are science fiction according to Schwarzschild’s solutions of 1916.

(6.04.1)

This allows force to be reintroduced into relativity: F = dp/dt = m.a. We thus get a relativistic version
of Newton’s law of gravitation, see paragraph 7.03:
Fgrav = –G.M.m / η2.r2

(8.04.2)

The formulas (5.07.6) and (5.02.3) of paragraph 0.02 stand in the way of singularities, a massparticle conserves its energy, no amount of gravitational pressure can make its energy disappear.
This puts an upper limit to the Schwarzschild radius “RS” relative to the actual radius “R” of a static
sphere of incompressible liquid, see paragraph 6.03:

Based on energy-momentum conservation within the Noether frame, the momentum definition
of mass-particles “p” gets an extra gravitation-factor “σ” compared to Einstein’s momentum
(p = γ.m0.v), see paragraph 6.04:
Noether momentum (mass)

[m2.s–2] condition to a circular orbit (r > R)

0.05 Black holes without singularity

RS < ⅔R		

[kg.m.s–1]

(8.03.2)

The extra term “1½RS ” compared to Newton’s laws, leads us to the explanation of Mercury’s
perihelion precession, see paragraph 8.08.

0.03 Force Based Relativity

= m.v = σ.γ.m0.v

extrinsic curvature (r ≥ R)

Trajectories are determined by the sum of intrinsic and extrinsic curvature (κ = κext + κint ), explaining
the bending of starlight around the sun at an Eclipse (Eddington’s observations), see paragraph 8.10.

The conservation-factor “η” remains the same during freefall, but also remains constant within a
massive sphere like the earth. With formula (5.07.3), we can compute the lifetime of mass-particles
within the Large Hadron Collider or on a neutron star in strong gravitation. Formula (5.02.3) allows
us to compute escape speed from a sphere of incompressible liquid, whether it is from earth or from
a neutron star, see paragraph 5.03. We can also compute the temperature of the center-of-mass of
both the earth and the sun, based on formula (5.07.6), see the paragraphs 6.12 and 6.13.

p

[]

gravitational force (radial, r ≥ R) (7.03.2)

Real black holes are not static, but rotate fast. Black holes are black because of the absence of
transmitted radiation. Particles in high-speed rotation do not collide with each other (energymomentum conservation of orbits) and thus do not radiate and thus appear “black”. Only on the
rotational axis, particles can collide with each other (randomly) and cause black body radiation,
appearing as “jets” of some rotating black holes, see chapter 9.

The reintroduction of force allows us to define intrinsic curvature. Force based relativity also
explains why LIGO (Light Interference Gravitational wave Observatory) cannot measure
gravitational waves. Force Based Relativity is supported by the Christoffel symbols of the repaired
Schwarzschild solution, see appendix F.

9

10

0: Extended Summary

0: Extended Summary

0.06 Gravitational waves

0.08 Summary of Quantum Relativity for Gravitation

Gravitational waves exist, proven observationally by Hulse and Taylor. However, Einstein’s theory
of General Relativity does not distinguish intrinsic from extrinsic curvature. Force Based Relativity
is founded on that distinction. Force Based Relativity predicts the acceleration of a small massparticle as a consequence of a binary star system, called the “Force Wave”.

Figure 0.08 on the next page summarizes the content of this book in formula form.
Quantum Relativity for Gravitation makes a small step towards unification of Einstein’s Special
Relativity with the solutions to his General Relativity based on Noether’s laws of energymomentum conservation.

Hulse and Taylor proved the consequences of gravitational waves (indirect measurement) by
recording the decrease in orbital period of binary Pulsar PSRB 1913+16 over 30 years, see figure
10.01. Direct measurements of gravitational waves by LIGO, Virgo, and BICEP2 were unsuccessful,
but Advanced LIGO successfully detected two events: GW150914 (September 2015) and
GW151226 (December 2015). The events were both less than one second, indicating the final
gravitational burst of two black holes merging at a distance of more than a billion light-years away.

In the next chapter, we will establish the principles upon which the repaired solution is based.

Gravitational waves are described as “waves in the fabric of space-time”, indicating changes in
extrinsic curvature. Gravitational waves are cylindrical, setting these waves apart from electromagnetic waves in two ways: 1) the intensity of gravitational waves diminishes by the inverse of
distance vs. the inverse of the distance squared of electromagnetic waves, and 2) the gravitational
wave is a change in extrinsic curvature, vs. the electro-magnetic wave, which is a carrier of intrinsic
curvature.
The statement that advanced LIGO detects extrinsic curvature is supported by the notion that
gravitational waves diminish by distance “D” (1 / D), see paragraph 10.03. Electromagnetic waves
diminish by distance “D” squared (1 / D2). Energy spread out over a larger distance, diminishes by
definition by distance “D” squared, the increasing surface of a growing sphere. The conclusion must
be that the detection by advanced LIGO is not a detection of energy-momentum, but of a change in
extrinsic curvature.

0.07 Synchronization of cesium clocks on earth
Quantum Relativity for Gravitation allows for the accurate synchronization of all cesium clocks on
earth, whether such a clock is on earth, orbiting the earth, or even below its surface. The standard
is based on the hypothetical Schwarzschild clock, see paragraph 4.07. The most accurate clock on
earth (currently at the NPL in Britain) sets the standard, based on its gravitation-factor “σ” and its
boost-factor “γ”, see paragraph 11.08. All other cesium clocks can then become ideal clocks, clocks
indicating proper, Noether, NPL, and Schwarzschild time differences, see paragraph 11.04. Based
on the ideal clocks, Global Positioning Systems (Galileo) can be made more accurate than the
current GPS system, see paragraph 11.08.

.
Figure 0.08: Repairing the Schwarzschild Solution for Noether’s laws of energy-momentum conservation
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1: Principles of Repair of Schwarzschild’s Solution

This chapter contains the principles and foundations upon which the repaired Schwarzschild
solution called “Quantum Relativity for Gravitation” is based. These principles come from
Einstein’s theory of General Relativity, Noether’s laws of energy-momentum conservation, and new
principles from the authors. The current Schwarzschild solution, as described by Misner, Thorne,
and Wheeler2, does neither comply with Noether’s laws of energy-momentum conservation, nor
with Einstein’s field equations, but is a good approximation of the field equations of the vacuum
around a sphere of incompressible liquid, see chapter 2.

1.02 Extended Equivalence Principle
The equivalence principle explains why gravitation is, in a number of aspects, equivalent to an
accelerated frame. For example, when falling (negative acceleration), one does not feel the
gravitation; it is as if gravitation disappears. Another example, you cannot feel the difference
between a space-ship far from earth that accelerates with a “g” of 9.8 [m.s–2] and the gravitation
on earth. The equivalence principle can also be seen as the equivalence of “inertial mass” and
“gravitational mass”. Eötvös demonstrated the equivalence of inertial and gravitational mass to a
very high degree of accuracy. This equivalence is a necessary condition to Einstein’s theory of
General Relativity.

However, the Schwarzschild solution in radial direction does comply with Noether’s laws of
energy-momentum conservation (see paragraph 1.04), provided time is reinterpreted based on the
Shapiro solution (see paragraph 4.02).

The authors will take this equivalence one step further and extend its application from mass to
mass-energy, the extended equivalence principle. In other words, the authors will regard photon
energy a form of mass-energy, which results in the same trajectory of a photon in gravitation as
a trajectory of a very high-speed mass-particle in that same gravitation (given the same initial
conditions).

The repaired Schwarzschild solution is thus based on the Schwarzschild and Shapiro solutions
and many of Einstein’s principles (paragraph 1.01 Newtonian limit, 1.02 extended equivalence
principle, 1.03 covariant coordinate systems, 1.04 energy-momentum conservation, 1.05 relativity
or covariance principle, and 1.07 Einstein’s gravitational potential), but is not based on Einstein’s
determinant of the covariant metric tensor condition as described in paragraph 1.06; a condition that
was included in Schwarzschild’s solutions, but was ignored by Einstein himself.
This chapter also reintroduces force into relativity in 1.08, simplifies curvature for the Schwarzschild
solution in 1.09, introduces natural coordinates in 1.10, and repeats the principles of book I in
paragraph 1.11 and 1.12.

For example, the trajectory of neutrinos (with the same speed as photons) in gravitation is exactly
the same as the trajectory of photons, given the same initial conditions, according to this extended
equivalence principle. With regards to black holes, the photon sphere and the last stable orbit are the
same circular orbits with the same orbital radius (see paragraph 8.04). The repaired Schwarzschild
solution complies with this extended equivalence principle.

1.01 Newtonian limit

1.03 Polar and Cartesian coordinate systems within Euclidean space
Special Relativity is based on two reference frames within which the laws of physics are valid. In
book I we have proven that applying all laws of physics simultaneously in two separating reference
frames (v > 0) is impossible. The paradigm shift made in book I, is the shift from two reference
frames with one set of units, to a single reference frame (Noether frame) with two sets of units
(proper units and Noether units). The formulas of a proper observer as mass-point within a Noether
frame were established. The earthly (Noether) frame is a static Noether frame in which the earth
rotates. Observers on earth have a speed because of earth’s rotation within the earthly Noether
frame, see figure 1.03.1 and paragraph 5.01.

Einstein postulated that Newton’s laws must be valid at infinity. When the radial coordinate distance
“r” of the Schwarzschild solution approaches infinity, Newton’s laws must be valid. The authors
regard this as a principle that the repaired Schwarzschild solution must also comply with, and it
does. More specifically, a circular orbit of a mass-particle around a static sphere of incompressible
liquid in vacuum for an “r” approaching infinity is determined by the Newtonian formula:
v2 = G.M / r

[m2.s–2]

circular orbit for r → ∞

(1.01.1)

In this equation is “G” is the Newton constant, “M” is the total mass-energy of the sphere, and “r”
is the distance to the center-of-mass of the sphere. When “r” approaches infinity, the speed “v”
approaches zero. Formula (1.01.1) establishes the intrinsic curvature, see chapter 8.

Local observer ( γ = 1, σ < 1)
North Pole

Secondly, the escape speed to infinity from that same sphere is described by:
vesc2 = 2G.M / R

[m2.s–2]

escape speed “vesc”

(1.01.2)

Earth

In this equation is “R” the radius of the sphere. This escape speed is Newtonian, assuming Euclidean
space, so you may wonder why this formula is used to repair the Schwarzschild solution. As you
will see in chapter 2, this Newtonian formula is also the escape speed of Schwarzschild’s second
solution. Formula (1.01.2) establishes the “gravitation-factor” (see paragraph 1.07) of the repaired
Schwarzschild solution “Quantum Relativity for Gravitation”. In summary, the Newtonian limit will
establish the intrinsic curvature and the gravitation-factor of Quantum Relativity for Gravitation.
2

South Pole

Schwarzschild observer
(γ = 1, σ = 1)

Proper observer
(γ > 1, σ < 1)

Earthly Noether frame

Figure 1.03.1: Proper, Local, and Schwarzschild observer within the single Noether frame of the earth

Misner, Thorne, and Wheeler, “Gravitation”, chapter 23, 1972, ISBN 978-0-7167-0344-0.
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The Schwarzschild solution is also based on a single reference frame with its origin at the centerof-mass of a sphere of incompressible liquid and a proper observer (as mass-point) measuring proper
time differences “dt0”. The Schwarzschild solution confirms the paradigm shift of book I from two
reference frames with one set of units to one reference frame with two sets of units.

In figure 1.03.2 you see the transformation of four locations in both Polar (r,θ,φ) and Cartesian
(xˈ,yˈ,zˈ) coordinates within a Euclidean reference frame. The small Lorentzian (Euclidean) frame
in polar coordinates (dr,dθ,dφ) can also be described by a Cartesian coordinate system (x,y,z) with
small differences (dx,dy,dz).

The earth could be modelled as a sphere of incompressible liquid. Polar coordinates (r,θ,φ) describe
position within the reference frame. The origin is located at the center-of-mass of the earth, “r” is the
coordinate distance to the origin, “θ” is the polar angle, and “φ” is the azimuth.

The Schwarzschild solution is based on a reference frame with its origin at the center-of-mass of the
sphere of incompressible liquid. The earth could be modelled as a sphere of incompressible liquid.
Polar coordinates (r,θ,φ) can describe any position on earth. The origin is located at the centerof-mass of the earth, “r” is the coordinate distance to the origin, “θ” is the polar angle, and “φ” is
the azimuth.

Proper observers on the earth rotate along with the earth (γ > 1) and measure quantities locally
(σ < 1). The new local observers are proper observers standing still (γ = 1, σ < 1). Schwarzschild
observers measure quantities at a distance (mostly time differences) on their own measurement
equipment (mostly their own clock) on a position without measureable speed or gravitation (γ = 1,
σ = 1).

Note that spherical coordinates differ in the definition of the angle “θ”; in spherical coordinates
as used to locate a position on earth, the angle “θ” is the elevation angle. In other words, in polar
coordinates the North Pole has a “θ” of zero, while in spherical coordinates the “θ” of the North
Pole equals 900 or ½π. The authors go along with Schwarzschild in his original papers in the use
of polar coordinates, in which the North Pole has a “θ” of zero and the equator has a “θ” of 900 or
½π, see appendix A.

Within the single Noether frame (of the earth for example) of the Schwarzschild solution, we
are going to look at the (wider) polar coordinate system (r,θ,φ) and are also going to look at its
coordinate system differences (dr,dθ,dφ). We thus create two different size coordinate systems within
the Noether frame. The larger coordinate system has its origin at the center-of-mass, while the
smaller coordinate system has its origin on location (r,θ,φ). We will treat the wider and smaller
coordinate systems as two separate reference frames, even though these are both part of a single
Noether frame.

When energy-momentum conservation and Einstein’s covariant metric tensor are discussed in
the paragraphs to come, the distinction between the wider (Noether) frame (r,θ,φ) and a local
(Lorentzian) frame (dr,dθ,dφ) becomes important. A Lorentzian frame is small enough to be
Euclidean (“flat”). The Noether frame is by definition Euclidean.
In this discussion, we need both a wider Noether frame with polar coordinates and a local
Lorentzian frame around a particular space-time location (r,θ,φ) of the wider frame. The location
(r,θ,φ) is then the origin of the local frame, with small variations “dr”, “dθ”, and “dφ”. This local
Lorentzian frame around (r,θ,φ) could also have Cartesian coordinates, expressing small space
distances as “dx”, “dy”, and “dz”.

The authors have stated that the Noether frame is missing from the Schwarzschild solution.
A Noether frame is Euclidean, see next paragraph. In the Schwarzschild solution, we find two
reference frames with a very different size, a wider (Noether) reference frame in polar coordinates
and a local Lorentzian frame. A Lorentzian frame is a frame so small that it is Euclidean, even in
curved space-time. The wider Noether frame of the Schwarzschild solution is found in the polar
coordinates (r,θ,φ), the much smaller Lorentzian frame is found in its differentials (dr,dθ,dφ).

The Schwarzschild solution (see paragraph 2.03) is expressed in coordinate differences “dr”, “dθ”,
and “dφ” at location (r,θ,φ) of the wider reference frame. The key question is the relation between
the Cartesian coordinate differences and the polar coordinate differences of a local Lorentzian frame
with its origin in (r,θ,φ) of the wider frame, see figure 1.03.3. Note that (dx,dy,dz) is another small
Cartesian reference frame than (dxˈ,dyˈ,dzˈ), the origins and directions are different.

Coordinates of Euclidean space can be transformed from one into the other. The wider Noether
frame in polar coordinates (r,θ,φ) can also be described in Cartesian coordinates (xˈ,yˈ,zˈ), see figure
1.03.2 (“d” means don’t care).
(r,0,d) and (0,0,r)

z'-axis

z'-axis
r

y'-axis
φ

(r,½π,0) and (r,0,0)
x'-axis

θ

dx = r.sinθ.dφ
dy = r.dθ
dz = dr

θ

x' = r.sinθ.cosφ
y' = r.sinθ.sinφ
z' = r.cosθ

z

x

(r,θ,φ) and (x',y',z')

y
r
y' -axis

φ

(r,½π,½π) and (0,r,0)
Surface of the earth
Equator

x' -axis

Figure 1.03.3 Local Lorentzian frame (x,y,z) within a wider Noether frame (r,θ,φ)

Figure 1.03.2 Cartesian (xˈ,yˈ,zˈ) and polar coordinates (r,θ,φ) within a Euclidean reference frame
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Looking at the local Minkowski formula in polar coordinates: c2.dt02 = c2.dt2 – dr2 – r2.(dθ2 + sin2θ.dφ2),
and in Cartesian coordinates: c2.dt02 = c2.dt2 – dz2 – dy2 – dx2, it becomes easy to see that such a
relation can be equal to:

Note that the origin of the local (Lorentzian) frame in Cartesian coordinate differences is located
at (r,θ,φ) of the wider frame in polar coordinates. Also note that the volume element dx.dy.dz in
Cartesian coordinate differences equals the volume element in polar coordinate differences of
r2.sinθ.dr.dθ.dφ. This volume element plays an important role in the Schwarzschild solution, see
appendix A between formula (6) and (7). The Schwarzschild solution can thus be described in
Cartesian coordinate differences as well as in polar coordinate differences, see also formula (0.01.1):

dx = r.sinθ.dφ
dy = r.dθ
dz = dr

[m]
[m]
[m]

(1.03.1)
(1.03.2)
(1.03.3)

c2.dt02 = c2.σ2.dt∞2 – dr2 / σ2 – r2.(dθ2 + sin2θ.dφ2) [m02]
c2.dt02 = c2.σ2.dt∞2 – dz2 / σ2 – dy2 – dx2
[m02]
σ2
= 1 – RS / r
[]

Other transformations are possible, but this transformation suites the Schwarzschild solution best.
To illustrate this transformation of coordinate differences, let us have a look at a small Cartesian
reference frame of which the x-axis points eastwards, the y-axis points northwards, and the z-axis
points upwards. Let us draw a 1 meter difference “dx”, “dy”, and “dz” at a location on earth (at
a given time “t”) which has a radius “r” of the earth of 6,371 [km], a “θ” of 30o (sinθ = 0.5), and
a “φ” of 90o, see figure 1.03.4.
dz = dr
dy = r.dθ
dx = r.sinθ.dφ

(1.03.7)
(1.03.8)
(1.03.9)

Quantum Relativity for Gravitation will also be based on a local (Lorentzian) frame within a wider
(Noether) frame and can be expressed in both polar and Cartesian coordinates and coordinate
differences.

Up

1.04 Energy-momentum conservation

dz = 1 [m]

dx = 1 [m]
East

Schwarzschild (polar)
Schwarzschild (Cartesian)
gravitation-factor squared

dy = 1 [m]

Emily Noether published her laws of energy-momentum conservation in 1918; a year after Einstein
published his theory of General Relativity officially. Her theory is based on symmetries, every
symmetry results in the conservation of a physical quantity. The symmetry of space (space being the
same everywhere and in all directions) results in the conservation of momentum. The symmetry of
time (the laws of physics and its constants remaining the same over time) results in the conservation
of energy. The symmetry of orientation (orientations in all directions are equal) results in the
conservation of angular momentum.

North

(r, θ,φ) = (6371 [km],30 o,90o)

Figure 1.03.4 Local Cartesian coordinate differences within wider polar coordinate system

Einstein’s theory of General Relativity conserves energy-momentum within a local Lorentzian
frame. When one looks at the second and third order partial derivatives of his theory (see paragraph
1.07), one must realize that the outcome is local. The locality of energy-momentum in Einstein’s
theory is supported by many authors3. When the local frame is limited such that it is Euclidean (also
called “local Lorentzian”), energy-momentum is conserved, also according to Noether’s laws of
energy-momentum conservation.

Note that the location of figure 1.03.4 does not describe a location on earth as we are used to. It is a
location in the Hudson Bay in Canada once every 24 hours only. That is because the earth is rotating,
the locations on earth rotate within the Noether frame of the earth, see figure 1.03.1.
Formula (1.03.1) to (1.03.3) allow us to transform the polar coordinate differences into Cartesian
coordinate differences at space-time location (r,θ,φ) of the wider (Noether) frame and vice versa. The
1 [m] Cartesian coordinate differences of figure 1.03.3 transform into polar coordinate
differences (and vice versa) of:
dr = 1
[m]		
dθ = 1 / 6,371,000 [rad] = 0.03 [arc-seconds]
dφ = 2 / 6,371,000 [rad] = 0.06 [arc-seconds]

dz = 1 [m]
dy = 1 [m]
dx = 1 [m]

However, the Schwarzschild solution contains terms of local space-time (c.dt0 , c.dt∞ , dr, r.dθ, and
r.sinθ.dφ), which equals (c.dt0 , c.dt∞ , dz, dy, and dx), as well as terms relating to a wider spacetime (r,θ,φ), see paragraph 1.03. The wider space-time of a sphere of incompressible liquid is by
definition not Euclidean, space-time is curved. Criticism (by Noether and Hilbert) that Einstein’s
theory of General Relativity is not conserving energy-momentum is thus partially correct;
energy-momentum is not conserved within the wider space-time reference frame4.

upwards
northwards
eastwards

Einstein demanded the volume element to be the same between coordinate differences, so let us
have a look at the volume element and other coordinate difference equations:
ds2 = dx2 + dy2 + dz2 = dr2 + r2.dθ2 + r2.sin2θ.dφ2
dV = dx.dy.dz = r2.sinθ.dr.dθ.dφ
v = dx/dt
= r.sinθ.dφ/dt

[m2]
[m3]
[m.s–1]

distance squared
volume element
rotational speed

The authors distinguish energy-momentum conservation within a local Lorentzian frame, from
energy-momentum within a wider Noether frame; a Noether frame is a Euclidean reference frame
within which the laws of physics apply. The relation between local and wider energy-momentum
conservation is presented in paragraph 6.06. The only way to accomplish wider energy-momentum
conservation for the Schwarzschild solution is to distinguish the (Noether) reference frame, which
must be Euclidean, from curved space-time.

(1.03.4)
(1.03.5)
(1.03.6)

3
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4

Hawley J. and Holcomb K. “Foundations of Modern Cosmology”. ISBN 0-19-853096-x p. 415.
Noether, E. (1918). Translated by Tavel, M. “Invariant Variation Problems”. TTSP, 1971. 1(3) p. 186-207.
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In order to comply with Noether’s laws of energy-momentum conservation, the Noether frame must
be homogenous and isotropic (the same everywhere, the same in all directions, and the same over
time), such that the laws and the constants of nature are invariant to space and time (independent
of location and time). In particular, the speed of light “c”, the Newton constant “G”, and other
constants of nature must be independent of location and time within the Noether frame.

Space-time four-vector:
The authors define a space-time coordinate difference four-vector (1st order tensor) as a fourvector of which all elements are expressed in the unit meter. For example: the (row) four-vector
(c.dt,dx,dy,dz) is a first order tensor of which all elements are expressed in meters. The
coordinate axes of the local frame are then independent of each other, as all space-time
coordinate systems need to be, in order to uniquely identify space-time events. This means that
“c.dt” in the example may not depend on “dx”, “dy”, or “dz”.

Quantum Relativity for Gravitation is the formula that describes a proper time difference “dt0”
as a function of gravitation and speed within a wider Noether (Euclidean) frame. Wider energymomentum conservation, and thus the introduction of a Noether frame, forces us to distinguish
intrinsic curvature (trajectories within space-time) from extrinsic curvature (space-time curvature
within a Noether frame).

The time difference within a space-time reference frame may not depend on a space location
difference. Any other space-time four-vector must also have the same volume element, ensuring
physical quantities (like density) to remain unaltered in another coordinate system.

Quantum Relativity for Gravitation will deliver energy-momentum conservation both locally and
within the wider frame and provides you with the definitions of extrinsic and intrinsic curvature for
the (repaired) Schwarzschild solution.

In Euclidean space, space and time differences can be measured in vacuum by synchronized
clocks and radar equipment. However, in curved space-time, special provisions have to be taken to
translate measured space and time differences into coordinate differences of the Noether frame,
see chapter 5. The stricter definition of Einstein’s covariant metric tensor, which is also not in
conflict with his theory, is as follows:

1.05 Extended Relativity or Covariance Principle

Covariant metric tensor:

Einstein’s relativity principle: “The general laws of nature are to be expressed by equations which
hold good for all systems of coordinates, that is, are covariant with respect to any substitutions
whatever (generally covariant).” Schwarzschild has made use of this statement extensively in his
exact solutions to Einstein’s field equations for a mass-point or singularity (first solution) and for a
sphere of incompressible liquid (second solution until the modification of “R” by Schwarzschild).

The authors define the covariant metric tensor “gμν” as a 4 x 4 matrix (2nd order covariant tensor),
of which all elements are just numbers without units; “natural coordinates”, see paragraph 1.10.
The covariant metric tensor describes space-time curvature without a coordinate system and has
no units.

However, in his second solution, he changes the meaning of an auxiliary variable “R” to a “measured
value from outside”, see chapter 2. The current Schwarzschild solution treats this “measured from
outside” radius as a radial coordinate (“measured from outside”) in a polar coordinate system, but
this new coordinate system is in conflict with three out of four field equations of the Schwarzschild
solution (see appendix E); the current Schwarzschild solution is not an exact solution, but a good
approximation of the field equations.

For example, when using Cartesian coordinate differences in Euclidean space, we get local
Minkowski’s space-time described as follows (c2.dt02 = c2.dt2 – dx2 – dy2 – dz2), see figure 1.05.1.

c2.dt02 = c.dt dx dy dz 1 0 0 0 c.dt
0 –1 0 0 dx
0
0 –1 0 dy
│gμν│ = –1
0 0 0 –1 dz
c = 299,792,458 [m/s]

The authors support the covariance principle, but tighten up the definition of coordinate differences
of a coordinate system and the covariant metric tensor “gμν”. This tightening is born out of the
necessity to separate measurements from both coordinates and tensors; separating physics from
mathematics. Schwarzschild’s “measured from outside” is ill-defined (who measures in which units
using what equipment?).
Although coordinate systems can have different variables in different units (for example “t” in
seconds, “r” in meters, and “θ” and “φ” in radians) the tensors need the same units to allow
meaningful results of tensor operations in physics. Einstein’s theory of General Relativity is a
theory of differential equations. These differentials must have the same units to make physical
sense.

Euclidean space-time is characterized by the covariant metric tensor “gμν” (elements in red) of
figure 1.05.1, of which the determinant (│gμν│ = g00.g11.g22.g33 ) equals minus one.

To reconnect mathematics with physics in General Relativity, we therefore tighten up the
definition of four-vectors and other tensors of the first derivatives of the coordinate systems. These
stricter definitions, which are not in conflict with Einstein’s theory, are as follows:

Note that the tensor multiplications result in a term “c2.dt02”, in which “c” is the constant speed of
light and “dt0” is the proper time difference as measured on the proper clock positioned at (t,x,y,z)
within the wider (Noether) reference frame.

Figure 1.05.1 local Minkowski space-time and Cartesian coordinate differences
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The observers of the wider reference frame in which “dx”, “dy”, and “dz” are defined, can obtain
the space distance difference “ds” (ds2 = dx2 + dy2 + dz2) of any particle and the passed travel time
“dt” on their synchronized clocks. Based on Minkowski’s local space-time of figure 1.05.1, these
observers with synchronized clocks (time “t” and time difference “dt”) can compute the proper time
difference “dt0” as is measured by the proper observer.

If not all elements of the four-vector are expressed in the same unit meter, then the covariant metric
tensor is no longer covariant.
To illustrate that, we will use the following (mistaken) coordinate differences of the polar coordinate
system (c.dt,dr,dθ,dφ) in figure 1.05.3 (c2.dt02 = c2.dt2 – dr2 – r2.dθ2 – r2.sin2θ.dφ2).

To illustrate the covariance principle, we also put the space coordinate differences of local
Minkowski’s space-time into a polar coordinate system, while the synchronized clocks (and thus
time) remain the same. To ensure that all four elements of the coordinate difference four-vector are
expressed in meters, we apply the following transformations:

c2.dt02 = c.dt dr dϑ dφ

dα = r.dθ
dβ = r.sinθ.dφ

│gμν│ = –r 4.sin2ϑ
c = 299,792,458 [m/s]

[m]
[m]

coordinate difference “dα”
coordinate difference “dβ”

(1.05.1)
(1.05.2)

We then get for a space distance “ds” the following formula ds2 = dr2 + dα2 + dβ2. Note that when
dz = dr, dy = dα, and dx = dβ the transformations are the same as the transformations of paragraph
1.03.

Figure 1.05.3 Mistaken local Minkowski space-time in spherical coordinate differences with mixed four-vector

Figure 1.05.2 demonstrates the covariance principle for the local Minkowski formula in polar
coordinates (c2.dt02 = c2.dt2 – dr2 – r2.dθ2 – r2.sin2θ.dφ2), see figure 1.05.2.

c2.dt02 = c.dt dr dα dβ
│gμν│ = –1
c = 299,792,458 [m/s]

1 0 0 0
0 –1 0 0
0 0 –1 0
0 0 0 –1

c.dt
dr
dα
dβ

c.dt
1 0 0 0
dr
0 –1 0 0
dϑ
0 0 –r 2 0
0 0 0 –r 2.sin2ϑ dφ

Note that the covariant metric tensor is no longer covariant, is no longer independent of the
coordinate system used (covariant metric tensor in figure 1.05.3 is different from the covariant
metric tensors shown in figure 1.05.1 and 1.05.2), and that the determinant is no longer minus
one (Einstein’s demand, see next paragraph). On top of that, the volume element dV = dr.dθ.dφ is
unequal to the volume element in Cartesian coordinate difference dx.dy.dz; creating physical
differences in the solutions.

dα = r.dϑ
dβ = r.sinϑ .dφ

Another advantage of our strict definition of four-vectors is found in the covariance of units. This
has led us to the “extended relativity principle”, see book I. In Einstein’s words (extended for
the units):
“The general laws of nature are to be expressed by equations which hold good for
all systems of coordinates and all systems of units, that is, are covariant with respect to any
substitutions whatever (generally covariant).”

Figure 1.05.2 local Minkowski space-time and spherical coordinate differences

Note that space-time remains locally the same (Euclidean with synchronized clocks) and that the
covariant metric tensor “gμν” (in red) indeed remains the same too, that is “covariance”.

In other words, we may use feet, minutes, and pounds instead of meters, seconds, and kilograms,
but still get the same covariant metric tensor “gμν” and results. Quantum Relativity for Gravitation
is based on the above strict definition of the four-vector and of the covariant metric tensor and is
based on the extended relativity principle. These definitions support and do not contradict Einstein’s
theory of General Relativity.

Both space and time differences are expressed in the same unit meter [m], just like the proper time
(c.dt0 ) is expressed in proper meters [m0 ]. The covariance principle applies to curved space-time
too, but the measurements of space and time need a different approach, see chapter 5.

Let us now have a look at the most controversial requirement of Einstein’s theory of General
Relativity, the requirement of the determinant of the covariant metric tensor to be minus one (g = –1).
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1.06 determinant of the covariant metric tensor

The transformations dα = r.dθ and dβ = r.sinθ.dφ are not the only possible transformations, but
suit the Schwarzschild solution best. Schwarzschild used different transformations in 1916,
but he had no advance knowledge of the outcome of his own labor; his transformation was:
dx = r2.dr, dy = sinθ.dθ, and dz = dφ, see appendix E.

Einstein demanded the determinant of the covariant metric tensor to be minus one, he stated in
the foundation of the general theory of relativity5 after formula (19): “Thus, with this choice of
coordinates, only substitutions for which the determinant is unity are permissible”. This condition
is repeated in formula (47). Schwarzschild stuck to this requirement to the letter in both of his
solutions in 1916. In other words:
│gμν│= –1

[]

Einstein’s determinant condition

The transformation Schwarzschild used, also adheres to Einstein’s demand of the determinant and
of the volume element. Condition (1.06.3) for the three directions of space demands that:

(1.06.1)

gii = –g00

However, this requirement of the determinant can be in conflict with Noether’s laws of energymomentum conservation, in which the constants of nature (speed of light and others), must
be invariant to space and time. The speed of light “c” must be constant at all locations and at
all times, according to Noether’s laws. Light and other photons are characterized by a proper time
difference of zero (dt0 = 0).

[m.s–1]
[m.s–1]

invariant “c” condition (Cartesian)
invariant “c” condition (polar)

(1.06.2)
(1.06.3)

g11 = –g00			

c = 299,792,458 [m/s]

0
g11
0
0

0
0
g22
0

0
0
0
g33

c.dt
dr
dα
dβ

(1.06.4)

[]

invariant “c” (single direction)

(1.06.5)

The repaired solution complies with both the reduced condition (1.06.5) and with Einstein’s
determinant condition (1.06.1) in the radial direction (dr or dz, while dα, dβ, dy, and dx are zero).
The repaired solution will not comply with Einstein’s determinant condition in two and three
dimensional space circumstances, but will comply with Noether’s condition (1.06.4).
However, the repaired solution will comply with Einstein’s determinant condition in the
Newtonian limit. Einstein’s own solutions do not comply with his own condition, but do comply with
his own condition in the Newtonian limit, see paragraph 4.08. There is a good reason for that, in
the Newtonian limit (r to infinity), the solutions describe proper time at an infinite distance from
the massive sphere.

The current Schwarzschild solution has the generic form of the covariant metric tensor “gμν” of
figure 1.06 (c2.dt02 = g00.c2.dt2 + g11.dr2 + g22.dα2 + g33.dβ2).

g00
0
0
0

invariant “c” condition

However, it is not all bad news. In the Schwarzschild solution in radial direction (dα and dβ
are both zero), Einstein’s condition (1.06.1) and Noether’s condition (1.06.4) can both be met when
the time difference is reinterpreted according to the Shapiro solution, see chapter 4. This can be
accomplished for a single direction solution, where two out of three space coordinate differences
are zero (dα and dβ are both zero or dy and dx are both zero). Condition (1.06.4) then reduces to:

When considering the curved space-time of the Schwarzschild solution in polar coordinates, we
need to ensure that condition (1.06.3) is adhered to. The two conditions (1.06.2) and (1.06.3) are
only valid in those directions of which the space coordinate differences (dx, dy, dz, dr, dα, dβ) are
unequal to zero; for space differences which are equal to zero, the condition does not make sense
(0/0 = ?). This exception is relevant to the Shapiro solution and the radial Schwarzschild solution,
see chapter 4.

c2.dt02 = c.dt dr dα dβ

[]

Note that this condition is met in Euclidean space in which g00 = 1. This condition can be in conflict
with Einstein’s requirement of a determinant of minus one; the determinant of the covariant metric
tensor in figure 1.06 which complies with condition (1.06.4) equals -g004; g00 to the power four (not
a footnote)!

When looking at figure 1.05.1 and figure 1.05.2, we can see that the speed of light in Euclidean
space in three directions of the local space coordinate differences (dx, dy, or dz and/or dr, dα, or dβ)
must be equal to the invariant “c”:
dx/dt = dy/dt = dz/dt = c
dr/dt = dα/dt = dβ/dt = c

i = 1,2,3

At an infinite distance, the local space is Euclidean, and Minkowski’s local space-time should
reappear in the covariant metric tensor. The authors will ensure that the repaired Schwarzschild
solution equals Minkowski’s local space-time in the Newtonian limit, ensuring a determinant of
minus one at infinity only.

dα = r.dϑ
dβ = r.sinϑ .dφ

In other words, the two conditions that Quantum Relativity for Gravitation complies with are:
│gμν│= –1
gii = –g00

Figure 1.06 Schwarzschild’s solution in transformed polar coordinate differences

for r → ∞
i = 1,2,3

[]
[]

author’s condition
invariant “c” condition

(1.06.6)
(1.06.4)

By the two conditions (1.06.4) and (1.06.6) we ensure compatibility with Einstein’s own solutions
and with Noether’s demands to prove energy-momentum conservation.

5

Einstein, A. “Die Grundlage der allgemeine Relativitätstheorie”, Annalen der Physik,49, 1916.
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1.07 Gravitational potential for Schwarzschild’s solution

The Laplace operator “∆” of the gravitation-factor “σ” is equal to the Laplace operator of the
Newtonian gravitational potential in the Newtonian limit, provided the speed of light “c” is
normalized to one.

In Newton’s theory, the gravitational potential “ΦN” equals the potential energy per unit of mass:
Emech = Ekin + Epot
Ekin
= ½m.v2
Epot
= –G.M.m / r
r2
= x2 + y2 + z2
ΦN
= Epot / m = –G.M / r
dΦN /dr = –g = G.M / r2
∆ΦN
= (∂2/∂x2 + ∂2/∂y2 + ∂2/∂z2)ΦN = 4πG.ρ

[J]
[J]
[J]
[m2]
[m2.s–2]
[m.s–2]
[s–2]

mechanical energy
kinetic energy
potential energy
distance to the origin squared
gravitational potential
gravitational acceleration (r ≥ R)
Laplace/Poisson formula

Einstein’s gravitational potential “ΦE” and the gravitation-factor “σ” are supported by many
experiments (Hafele-Keating, Pound-Rebka, Shapiro, redshift of the sun, geodetic effect, and
others) and are a foundation of our theory too. Einstein’s gravitational potential “ΦE” also appears in
the Schwarzschild solution as “σ2”, see chapter 2. In chapter 4, we will demonstrate that Einstein’s
gravitational potential, which is also the gravitational potential of the repaired Schwarzschild
solution, complies with formula (1.07.2) both outside of and within the sphere.
However, the formula of the gravitational potential within a sphere of incompressible liquid
(r < R) is up for debate. Misner, Thorne, and Wheeler (MTW) came in 1970 to another outcome
than Schwarzschild did in 1916. When repairing the solution, the authors will establish a new
gravitational potential within the sphere, which is different from both Schwarzschild’s and MTW’s
formula.

In these equations is “G” the Newton constant, “M” the mass of the sphere, “m” the mass of a
mass-particle, “x”, “y”, and “z” the Cartesian coordinates of the reference frame of which the origin
is located at the center-of-mass of the sphere, and “ρ” the density at location (x,y,z).

We will symbolize Einstein’s gravitational potential “ΦE” in the vacuum outside of the sphere as
“Φout” and the gravitational potential within the sphere of incompressible liquid as “Φin”. We will
establish “Φin” based on the following conditions:

In the vacuum outside of the sphere (r > R) the density “ρ” is equal to zero, but inside of the
sphere of incompressible liquid (r < R) the density “ρ” is equal to M / V = 3M / 4πR3 when equally
distributed (“sphere of incompressible liquid”). At infinity, the gravitational potential “ΦN” equals
zero.

1)
2)
3)
4)

Einstein’s definition of the gravitational potential “ΦE” is different in several ways. Einstein’s
gravitational potential in vacuum is found in the covariant metric tensor as “g00” (originally “g44”,
see formula 68 and 69 of “the foundation of the general theory of relativity6”):
ΦE
dΦE /dr
∆ΦE
∆ΦE

= 1 – 2G.M / c2.r
= 2G.M / c2.r2
= (∂2/∂x2 + ∂2/∂y2 + ∂2/∂z2 + c–2.∂2/∂t2)ΦE
= 8πG.ρ / c2

[]
[m–1]
[m–2]
[m–2]

gravitational potential (r ≥ R) (1.07.1)

Einstein’s formula

(1.07.2)

Force results in acceleration, according to Newton’s second law (F = dp/dt = m.a). Einstein looked
into force “F” after he had finished his theory of Special Relativity. In 1906, he derived force from
his newly discovered momentum formula (p = γ.m0.v) and got strange results. He arrived at two
different forms of mass: longitudinal (γ3.m0 ) and transversal mass (γ.m0 ).

Thirdly, it has a relation with the energy squared (E2) divided by the rest-energy squared
(see paragraph 4.13 and chapter 6). For a static sphere, the term c–2.∂ΦE2/∂t2 equals zero.

However, the longitudinal mass presents a problem. The factor γ3 prevents Newton’s forces to
be combined with his relativity. Einstein abandoned the idea of gravitational force in favor of
space-time curvature. We will demonstrate that a new definition of momentum including the
gravitation-factor (p = σ.γ.m0.v) allows for the reintroduction of forces, see the chapters 6 and
7. Quantum Relativity for Gravitation will reintroduce force into relativity based on the accepted
formula of force: F = dp/dt. We have named these relativistic forces “Force Based Relativity”.

The best way of looking at Einstein’s gravitational potential “ΦE” is to look at its square root,
namely the gravitation-factor “σ”:

6

gravitation-factor (r ≥ R)
Laplace/Poisson (if c = 1)

at the surface of the sphere with radius “R” (r = R),
at the surface of the sphere with radius “R” (r = R),
at the center-of-mass (r = 0),
within the sphere (r < R).

1.08 Force Based Relativity

Secondly, it contains a constant term of one, such that its value equals one at infinity. Note that this
gravitational potential differs from his own gravitational potential in his analysis of the variable
speed of light too, in which the constant term of one is also not present, see paragraph 3.05.

[]
[m–2]

= Φout
= dΦout /dr
=0
= 8πG.ρ / c2

These conditions will lead us in chapter 4 to the gravitational potential formula “Φin” based on:
continuity (condition 1 and 2), symmetry (condition 3), and Einstein’s Laplace operator of the
gravitational potential (condition 4). Quantum Relativity for Gravitation complies with Einstein’s
formula of the Laplace operator (formula 1.07.2) of Einstein’s gravitational potential, both inside of
and outside of the sphere of incompressible liquid.

Firstly, Einstein’s gravitational potential has no units (natural coordinate); we need to divide the
Newtonian “ΦN” by c2 to accomplish the same.

σ = ΦE½ = (1 – 2G.M / c2.r)½ ≈ 1 – G.M / c2.r
∆σ
≈ 4πG.ρ / c2

Φin
dΦin /dr
dΦin /dr
∆Φin

(1.07.3)
(1.07.4)

Einstein, A. “Die Grundlage der allgemeine Relativitätstheorie”, Annalen der Physik,49, 1916.

25

26

1: Principles of Repair of Schwarzschild’s Solution

1: Principles of Repair of Schwarzschild’s Solution

1.09 Extrinsic and Intrinsic curvature

κ = κext + κint

Curvature is a complicated subject with many different definitions. The authors limit themselves to
the simplest case, the curvature of an orbit around a static spherical object in a single plane. This
single dimension curvature definition is suitable to the Schwarzschild solution of a symmetric
sphere.

Intrinsic curvature is the orbital curvature as measured by local observers. Intrinsic curvature might
be caused by gravitons (and/or Higgs bosons), although the existence of gravitons is not confirmed.
Intrinsic curvature can transport energy and (angular) momentum from one object to the next. In the
(near) absence of extrinsic curvature, the intrinsic curvature describes orbits.

α

The extrinsic curvature is defined as the curvature of space-time within a hypothetical Euclidean
frame, the Noether frame. Extrinsic curvature is not measurable by proper observers and there are
no Noether observers of the Noether frame. Extrinsic curvature can only be partially observed by
Schwarzschild observers (observers measuring from far but within the Noether frame) measuring
the trajectory curvature of photons within a larger Noether frame; for example the universal frame.

Curvature κ = dα/dω

ω

Trajectory curvature α = ∫κ.dω

defining curvature “κ”

(1.09.1)

When κ = 0, a moving particle in transversal direction is unaffected; its trajectory is “straight”.
When the moving particle in transversal direction has a curvature of one in the gravitational field
(κ = 1), the particle describes a perfect circle around the center-of-mass of the sphere in a single
plane, provided the curvature remains one. If κ > 1, then a moving particle spirals towards the
spherical object.

The principle that Quantum Relativity for Gravitation will adhere to, is the equality of intrinsic and
extrinsic curvature for photons. This principle is compatible with: the Newtonian limit, with natural
coordinate limits (see next paragraph), with the formula of the gravitational potential within the
sphere, and with Mercury’s perihelion precession. However, experiments around extrinsic curvature
are needed to confirm this principle to a higher degree of accuracy. The authors will define both
intrinsic and extrinsic curvature based on the principles as described in this chapter.

Note that this curvature definition is valid within a Noether frame, not within space-time. To observe
this curvature, the observer has to be far away from the sphere, such that local extrinsic space
curvature “κext” is included in the curvature “κ”. This curvature depends on location (gravitationfactor “σ”) and transversal speed of a particle (vtransversal ), see paragraph 8.03. The authors define
trajectory curvature as the integrated curvature over the whole trajectory:
α = ∫κ.dω

[rad]

trajectory curvature “α”

(1.09.3)

Proper observers are oblivious to any extrinsic curvature; the curved space-time they are in seems
“flat” and no energy can be extracted from changes in extrinsic curvature, this is relevant to
gravitational waves, see chapter 10. There is not much experimental evidence of extrinsic curvature.
The highest amount of extrinsic curvature in experiments is found in Eddington’s experiment.
The curvature of starlight around the sun has an equal share of intrinsic and extrinsic curvature,
see paragraph 8.10.

The authors define curvature “κ” as the change in angle “dα” [rad] of a transversal movement over
the change in rotational angle “dω” [rad] around the center-of-mass of the static sphere:
[]

subdividing curvature “κ”

Extrinsic curvature is the curvature of space itself against the background of a hypothetical Noether
frame. Extrinsic curvature does not transport any energy; it just describes curvature of space-time
relative to a larger Noether frame as observed from a large distance. Extrinsic curvature is smaller
than one (κext < 1), space-time cannot curl into itself.

Figure 1.09 Defining curvature for the Schwarzschild solution

κ = dα/dω

[]

Strong opposition exists against extrinsic curvature; Misner, Thorne, and Wheeler in their book
“Gravitation”:

(1.09.2)

“The curvature dealt with in this chapter
defined without any use of, and repelling
higher-dimensional flat manifold (concept
dynamic participant in physics, not some
energy)”.

The trajectory curvature “α” of one rotation of an orbit is based on the angle “ω” going from zero to
2π. This will be used later to compute the perihelion precession of Mercury’s orbit, see paragraph
8.08. To compute the trajectory curvature of starlight around the sun “α”, the curvature “κ” will be
integrated from the angle “ω” of –½π up to ½π as seen from the line between the center-of-mass of
the sun and the point of the trajectory closest to the sun, see paragraph 8.10.

is curvature intrinsic to space-time; that is, curvature
every thought of, any embedding in any hypothetical
of Riemann, Clifford, and Einstein that geometry is a
God-given perfection above the battles of matter and

In this excerpt, it is remarkable to see how Misner, Thorne, and Wheeler use non-scientific
arguments and words such as “God given” and “repelling every thought of” to bring their point
across. They present no scientific basis for their claims and therefore the authors of this book feel
it is more than justified to question these claims. This feeling is strengthened by the fact that in
“Gravitation” there is no reference at all to Emily Noether’s scientific work on energy-momentum
conservation. Why did they disregard her work?

In Einstein’s theory of General Relativity, there is no distinction between intrinsic and extrinsic
curvature. Noether’s laws of energy-momentum conservation require a (Euclidean) Noether frame.
Observers in gravitation are always positioned within curved space-time. The authors have no other
option but subdividing Einstein’s curvature “κ” into intrinsic and extrinsic curvature:
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Fact is that if you do take Noether’s work into account, Einstein’s beautiful work can be amended
to bring natural science a major step forward.
The authors depend on the difference between intrinsic and extrinsic curvature in order to ensure
compliance with Noether’s laws of energy-momentum conservation.

The S-MKC units for the Noether frame are established by the cesium clock of the Schwarzschild
observer, the observer far away from the spherical mass but static within the Noether frame.
The S-MKC units for the proper observer are established by the proper cesium clock. Quantum
Relativity for Gravitation uses the S-MKC system of units. In book I, we also defined the invariance
postulate:

1.10 Natural coordinates or naturals

Invariance postulate: Universal space-time coordinates, proper particle property coordinates, and
universal units are invariant to a change of circumstances.

Einstein expressed mass-energy in meters (the Schwarzschild radius “RS” is mass expressed in
meters) in his theory of General Relativity. He used both the invariant “c” and “G” to accomplish
that: RS = 2G.M / c2 [m]. The authors will go one step further, expressing all quantities in “natural
coordinates” or “naturals”, printed bold; coordinates without units. For example, natural speed “v”
equals speed “v” in [m.s–1] divided by the invariant speed of light “c” in [m.s–1]. In other words,
natural speed “v” has no units and is limited (v ≤ 1).

The Noether frame space-time coordinates and units depend on the universal space-time coordinates
and units. When we choose our Noether frame small enough relative to the universal frame, we may
assume constancy of Noether space-time coordinates and units relative to the proper observer. In
other words, when we only deal with a Noether frame and proper observers of the Schwarzschild
solution, we may also state that:
Invariance postulate within a Noether frame: Noether space-time coordinates, proper particle
property coordinates, and Noether units are invariant to a change of circumstances.

To express all quantities related to gravitation in natural coordinates, we need one more invariant
constant of nature, the Hubble constant “H”, which is expressed in [Hz]. For example, the present
time “t” (t = 1 / H) in [s] is transformed into a natural coordinate by multiplication of “H”. The
natural present time “t” is thus equal to one (t = 1). The invariant constants of nature “c”, “G”, and
“H” can be used to convert any mass-energy or space-time combination into naturals.

This postulate is necessary to extend the base formula of Quantum Relativity for Gravitation
(dt0 = σ.dt∞ / γ) to space-time and energy-momentum formulas, see chapter 5. Relative quantities
(not invariant to speed and gravitation), are printed italic.

Natural coordinates provide us with a whole new world of physics. Naturals help us to set
upper limits to our universe (its mass-energy and its space-time), set upper limits to its derivatives
(maximum speed, maximum extrinsic curvature, maximum force, and maximum power), and set
lower limits to quanta.

1.12 Principle of Uniform Measurements
The principle of uniform measurements states that all observers measure the same product of
coordinate and unit of any physical quantity, see book I.

The natural extrinsic curvature “κext” sets a lower limit to the radius “R” of a sphere of
incompressible liquid, see paragraph 8.03. To understand gravitational waves, we also need to
convert the natural value of power “P” to power in SI units “P” (P = c5.P / G).

For example 6.0 x (1 foot) = 1.8 x (1 meter). We will use this principle to establish the relation
between a proper measurement and a measurement by the Schwarzschild observer (observer
measuring from far but within the Noether frame). For example, a uniform time difference “dtu” is
the product of coordinate and unit of both the proper and Schwarzschild observer:

Natural coordinates are also the most comprehensible coordinates for Einstein’s theory of General
Relativity.

dtu = dt0.s0 = dt∞.s∞

Natural coordinates and its limits will be fully described in book III.

uniform time difference

(1.12)

The principle of uniform measurements is a generic measurement principle, applicable to all
observers and all unit systems. Quantum Relativity for Gravitation is also based on the principle of
uniform measurements.

1.11 S-MKC units and the invariance postulate
The S-MKC (second, meter, kilogram, and Coulomb) system of units is used to set standards within
a reference frame. This system of units is based on the (cesium) clock and relies on an invariant
speed of light “c” to define the meter, an invariant Newton constant “G” to define the kilogram, and
an invariant electron constant “K” to define the Coulomb (K = ke.e / me ), see book I.
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1.13 General Relativity Solutions

Here too, we should find four times the same values to the left and right hand side of the “=” sign.
The checking of the current version of the Schwarzschild solution is included in appendix E, of the
repaired solution in appendix F. The outcome will surprise and disappoint you, there is no exact
solution of which all four field equations match; there are no correct solutions!

Einstein’s General Relativity is a (gravitational) field theory of which the results depend on the
coordinate system input for the physical circumstances. The coordinate system choice determines
the outcome. For example, Schwarzschild chose polar coordinates for a singularity in the origin and
vacuum outside of the origin.

Are all of these Schwarzschild versions wrong, or is Einstein’s theory of General Relativity
itself incorrect? The authors will argue that Einstein’s principles are correct, but that his demand
for a determinant of minus one of the covariant metric tensor is too strict and in conflict with
Noether’s laws of energy-momentum conservation. Einstein’s theory of General Relativity is a
better approximation of gravitation than Newton’s laws are, but is not a correct description in
physical terms of the gravitational field around a sphere of incompressible liquid.

However, this choice of coordinate system is not the only option for a singularity. Kip Thorne
chose another coordinate system for a singularity (tortoise coordinates7). Another coordinate system
results in another outcome. Mathematically, one is free to choose a coordinate system.
However, physics does not accept conflicting results. For both of these choices, the end result is
a space-time distance “ds”, which equals the speed of light “c” times the measurable proper time
difference “dt0” (ds = c.dt0 ). The outcome is measurable and thus unique. In other words, either the
Schwarzschild solution is physically correct, or the Thorne solution is physically correct.

1.14 Summary of principles
Einstein’s energy-momentum conservation is a local outcome of his theory, valid within a small
Euclidean frame (“local Lorentzian”) only. Noether’s laws of energy-momentum conservation
demand the speed of light to be constant and the same at all locations and at all times within both the
wider reference frame (Noether frame) and within the local Lorentzian frame. The Schwarzschild
solution will have to be repaired for a constant speed of light within the wider frame.

Schwarzschild’s solution is confirmed by many experiments, Mercury’s perihelion precession, the
bending of starlight around the sun, and the Pound-Rebka experiment among others. The more
complicated tortoise coordinate system is not proven by any observation or experiment.
The authors reject the tortoise coordinates for three reasons:

Quantum Relativity for Gravitation will comply with the following principles: Newtonian limit,
extended equivalence principle, Einstein’s gravitational potential, energy-momentum conservation,
and the extended covariance principle, but not to Einstein’s condition to the determinant of the
covariant metric tensor.

1) the tortoise coordinate system is unproven physics,
2) the Schwarzschild solution has experimental support,
3) Ockham’s razor favors the original Schwarzschild solution.
However, there are several Schwarzschild solutions, two Schwarzschild originals, an Eddington
version, and a generally accepted current version (with a sign modification by Misner, Thorne, and
Wheeler). We as authors, add another version, repaired for Noether’s conservation laws. How can
you as reader decide which one is the correct one?

The determinant condition will only be valid in the Newtonian limit, just like Einstein’s own
solutions. Force is introduced into relativity, and curvature is simplified for the Schwarzschild
solution. Natural coordinates, the S-MKC system, the principle of uniform measurements, and the
wider reference frame with an arbitrary origin will guide you through the creation of our theory:
“Quantum Relativity for Gravitation”. At first, we will look into the Schwarzschild solution as it has
evolved over the last hundred years.

All of these Schwarzschild solutions come with about the same measurable results “dt0” in weak
gravitation (like on earth) and in radial direction. Our repaired solution comes with a measurable
outcome difference in weak gravitation in transversal directions; our repaired solution explains the
Hafele-Keating experiment better than any of the other Schwarzschild solutions.
You may also want to decide which one is correct based on Einstein’s theory. You could put the
solutions back into Einstein’s theory of General Relativity and see which ones come out correctly.
This is similar to solving four unknowns based on four equations. After finding the four unknowns,
we can put these back into the equations and we should get four times the same values of the left and
right hand side of the “=” sign. When these are equal, we have found a correct solution.
Checking the outcome of General Relativity solutions is similar, but more difficult; it should
take relativists less than two weeks to check. It takes the determination of the Christoffel symbols
and its derivatives. The four field equations are a combination of Christoffel symbols and its first
derivatives.

7

Misner, Thorne, and Wheeler, “Gravitation”, 1972, ISBN 978-0-7167-0344-0, p. 663
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Schwarzschild found two exact solutions to Einstein’s theory of General Relativity in 1916: “On the
Gravitational Field of a Mass-point, according to Einstein’s theory”8 (solution 1, appendix A) and
“On the Gravitational Field of a Sphere of Incompressible Liquid, according to Einstein’s theory”9
(solution 2, appendix B).

2.01 On the Gravitational Field of a Mass-point, according to Einstein’s theory

Schwarzschild Solution 1
Singularity
by Schwarzschild (1916)

First
Modification

Second
Modification

This first and exact solution to Einstein’s field equations by Schwarzschild in 1916 (see appendix A
formula 14 for the original) has the following outcome in its original symbols:
ds2 = c2.(1 – α / R).dt2 – dR2 / (1 – α / R) – R2.(dθ2 + sin2θ.dφ2)
α = 2G.M / c2
[m]
R3 = r3 + α3
[m3]
c =1
[]

Schwarzschild Solution 2
Sphere (Inside + Outside)
by Schwarzschild (1916)

Schwarzschild Solution
Singularity
by Eddington (1922)

“the” Schwarzschild Solution
Sphere (Inside + Outside)
by MTW (1970)

In these equations is “ds” Einstein’s line-element (printed italic because of its dependence on speed
and gravitation, not to be confused with “ds”, the space distance defined by Riemann), and “r”, “θ”,
and “φ” are the polar coordinates of a reference frame with a mass-point (singularity) in the origin.
The time difference “dt” is measured from far (theoretically from infinity). The speed of light “c” is
normalized to one, pre-empting a constant speed of light.

Auxiliary “R”
becomes coordinate “r”

Schwarzschild was the first to solve Einstein’s field equations exactly. Before 1916, Einstein used
approximate solutions to solve the perihelion precession of Mercury and to explain the bending of
starlight around the sun at an Eclipse of the sun (Eddington’s observation).

Birkhoff’s theorem, radius “R”,
and formula for inside sphere

This first and exact Schwarzschild solution is applicable to a black hole singularity (all the massenergy in the origin only), that is, if black hole singularities exist. The authors accept singularities in
mathematics, but not in physics. If you do accept black hole singularities as a physical reality, then
note that this Schwarzschild solution is the exact solution to Einstein’s field equations for such a
singularity. According to this Schwarzschild solution, objects can orbit the singularity at close range
at a speed lower than the speed of light (see end of appendix A):

Figure 2.0: Schwarzschild solution evolution

The currently used Schwarzschild solution has evolved from these two solutions. The reader must
be aware that there is no such thing as “the” Schwarzschild solution; we will look at the two
originals and the evolved solutions. We will regard the evolved solution as described by Misner,
Thorne, and Wheeler (MTW) in “Gravitation” in 1970 as “the” Schwarzschild solution, with an
important exception as to the signs in front of space and time, see figure 2.0.

n2 = α / 2(r3 + α3)

9

Schwarzschild, K. (1916) “Über das Gravitationsfeld eines Massenpunktes nach der Einsteinschen Theorie”
Schwarzschild, K. (1916) “Gravitationsfeld einer Kugel aus inkompressibler Flüssigkeit nach der Einsteinschen Theorie”

[rad2.s–2]

orbital speed “n” squared (2.01.2)

In this equation is “n” the orbital speed in [rad.s–1]. In other words, at the Schwarzschild
radius (r = α), the speed for a circular orbit equals half of the speed of light (v = n.r = ½). The
Schwarzschild radius is also referred to as the “event horizon” of the black hole as singularity.
According to Schwarzschild’s first and exact solution to Einstein’s theory of General Relativity, the
Schwarzschild radius is not an event horizon!

The sign reversal of MTW is not followed by the authors in order to be compatible with the local
Minkowski formula in Euclidean space. We will look at “the” Schwarzschild solution in terms of
Einstein’s field equations for consistency, and in terms of the constancy of the speed of light, a
necessity according to Noether’s laws.

8

Schwarzschild solution 1 (2.01.1)
Schwarzschild radius “α”
auxiliary variable “R”
normalized speed of light “c”
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When the radial coordinate “r” approaches zero, the orbital speed “v” approaches 0% of the speed
of light, see figure 2.01.1.

The authors do not question Schwarzschild’s mathematical abilities, but do question Einstein’s
field equations as an exact description of the gravitational field. The authors regard Einstein’s field
equations applied as a better approximation of gravitation than Newton’s laws are, see chapter 3.
The next thing we need to do is determining the speed of light of this Schwarzschild solution,
checking its consistency with Noether’s laws of energy-momentum conservation. When we want
to establish the speed of light, we can compute the speed of light in the radial direction (towards or
away from the center-of-mass) by the knowledge of: ds = 0 for light, dθ = 0, and dφ = 0:

Schwarzschild radius “α” of 1.00 [ls]

orbiting speed “v” [ls.s–1]

cvar = dr/dt = (dr/dR).(dR/dt)
cvar = (R / r)2.(1 – α / R).c

[m.s–1]
[m.s–1]

radial speed of light

(2.01.3)

When “r” goes to zero, the variable speed of light “cvar” goes to zero. When α << r (and
consequently α << R and r ≈ R), the speed of light approaches “c”, or 1.00 in light-seconds per
second.
Singularity

r [ls]
Schwarzschild radius “α” of 1.00 [ls]

Figure 2.01.1: Orbital speed around singularity

speed of light [ls.s–1]

Figure 2.01.1 demonstrates the speed of an orbiting mass-particle around the singularity in the
origin. On the x-axis, the distance to the origin “r” is expressed in light-seconds. The Schwarzschild
radius equals 1.00 light-second in this graph (α = 1.00 ls). On the y-axis the speed of the particle is
expressed in light-seconds per second, the normalized speed of light equals 1.00 (c = 1.00 ls.s–1).
At the Schwarzschild radius (r = 1.00 ls), the speed of a mass-particle in circular orbit amounts to
half the speed of light. The highest orbiting speed is found at 1.26 times the Schwarzschild radius.
The closer the object orbits the singularity, the closer the orbiting speed gets to zero. Schwarzschild
wrote about this outcome:

Singularity

“Wenn für die Molekularkräfte ähnliche Gesetze herrschen, könnte dort dieser Umstand von
Interesse sein”,

r [ls]

Figure 2.01.2: Radial speed of light as function of radial distance “r”

see the last sentence of appendix A, translated into English. Schwarzschild acknowledges the low
speed circular orbits around a singularity and states that this could be of interest to molecular forces
(meaning electrons orbiting a nucleus).

Figure 2.01.2 demonstrates the speed of light in radial direction (to or from the singularity) of
this first Schwarzschild solution. On the x-axis, the distance to the origin, in which the singularity
is located, is expressed in light-seconds. The Schwarzschild radius “α” equals 1.00 light-second
in this graph. On the y-axis the speed of light is expressed in light-seconds per second. At the
Schwarzschild radius (r = 1.00), the speed of light equals ⅓ of the normalized speed of light.

Conclusion: If Einstein’s field equations are correct and this Schwarzschild solution is exact, then
particles can closely orbit a black hole singularity at a very low speed. In other words, there is
no such thing as a “photon sphere” or a “last stable orbit”, if both Einstein’s field equations and
Schwarzschild’s solution are correct.

The pre-empting of the constancy of the speed of light by normalization is valid for α << r only. The
authors will not normalize the speed of light as long as its constancy is not established. Note that
Einstein worked with a variable speed of light in his theory of General Relativity (see 3.04 what
Einstein and Schwarzschild said themselves about a variable speed of light).
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2.02 On the Gravitational Field of a Sphere of Incompressible Liquid

However, the authors do go along with this evolution. For three reasons do the authors go along
with this change of radius:

This second solution to Einstein’s field equations by Schwarzschild in 1916 (see appendix B for the
original) has the following outcome (also using the original symbols):
ds
α
R3
c

2

= c .(1 – α / R).dt – dR / (1 – α / R) – R .(dθ + sin θ.dφ )		
= 2G.M / c2
[m]		
= r3 + ρ
[m3]		
=1
[ ]		
2

2

2

2

2

2

2

1)
2)
		
3)
		

Schwarzschild solution 2 (2.02.1)
Schwarzschild radius “α”
auxiliary variable “R”
normalized speed of light “c”

it will help to obtain a constant speed of light,
the escape speed as a result of this change is confirmed by our knowledge of the escape speed
from earth, and
the radius of a massive sphere is always larger than the Schwarzschild radius, which is
confirmed by our analysis, but on different grounds.

We will elaborate on these three issues in the course of this book. In other words, it may not be
“offenbar” to us, but it is certainly a big help to us in our quest to unite Special Relativity with both
General Relativity solutions and Noether’s laws of energy-momentum conservation.

In these equations is “ρ” a quantity which depends on the location of the proper observer (within or
outside of the sphere with radius “Pa”), see formula (33) of appendix B. This radius “Pa” is “außen
gemessen” meaning “measured from outside” by measuring the circumference at the equator
(or at any other grand circle) divided by 2π. Note that there is no mentioning of which observer is
measuring, how the measurement is done, or in which units the radius is expressed (proper, Noether,
or universal meters?).

However, when we change an auxiliary variable “R” into a measured coordinate “r”, we need to
check the field equations of the solution again. How do the field equations change? If we put this
modified solution back into the field equations, will the outcome still make sense? How is this
change of auxiliary variable “R” affecting the speed of light? We will answer those questions later,
but first we need to clarify and simplify “the” Schwarzschild solution.

In a single line of text, see appendix B following formula (39), this radius “Pa” is made equal to
the auxiliary variable “Ra” at the surface of the sphere (subscript “a”): Pa = Ra = (ra3 + ρa )⅓, which
should be obvious (“offenbar”) to the reader. This single line of text led to the evolution of the
Schwarzschild solution as it is described by Misner, Thorne, and Wheeler (except for the signs of
space and time):

Over the years, the two Schwarzschild solutions have evolved into a single solution, which is
nowadays called “the” Schwarzschild solution. The first to modify Schwarzschild’s first solution
was Eddington, the Englishman who made Einstein famous in 1919 with his observation of the
bending of starlight around the sun at an Eclipse.

ds2 = c2.(1 – α / r).dt2 – dr2 / (1 – α / r) – r2.(dθ2 + sin2θ.dφ2)		Schwarzschild (MTW)		 (2.02.2)
α = 2G.M / c2
[m]		Schwarzschild radius “α”
c = 1		
[ ]		normalized speed of light “c”
va2 = α / Ra		
[m2.s–2]		escape speed “va” squared		 (2.02.3)

Eddington wrote in 1922: “The Mathematical Theory of Relativity”10. In chapter 38 he describes
“The gravitational field of an isolated particle”, Schwarzschild’s singularity solution. In this chapter,
there is no mentioning of an auxiliary variable “R”, this solution mimics Schwarzschild first
solution, but with a coordinate “r” instead of an auxiliary “R”, from Schwarzschild’s second
solution see paragraph 3.08.

The escape speed (see appendix B, between formula 41 and 42) is added to the formulas, this
formula is the same as Newton’s escape speed, see formula (1.01.2) and paragraph 5.03.

Other authors, like Misner, Thorne, and Wheeler, have copied Eddington’s solution to the solution
in vacuum outside of a sphere of incompressible liquid, based on Birkhoff’s theorem, see paragraph
2.06. This unites the two original solutions of Schwarzschild into a single solution, which is referred
to as “the” Schwarzschild solution. However, the reader must understand that this evolved solution
is no longer the same as the two Schwarzschild originals, nor is it a correct solution to Einstein’s
field equations, see paragraph 2.04.

This evolved solution regards “r” as a coordinate which is measured from outside. To us as authors
it is not all that obvious. It suggests that there is a difference between the original radius “r” as
coordinate within a coordinate system and a “measured” value “Ra” which is in touch with reality;
it also suggests that the connection is the formula Ra3 = ra3 + ρa.
We do not get any enlightenment of this issue from Schwarzschild; we as readers have to live
with the word “offenbar” as explanation of this statement. Note that Einstein’s theory is based on
coordinate systems, not on measurement values. This demonstrates the Achilles heel of General
Relativity, the ill-defined relation between coordinate systems and physical measurements.

10

37

Eddington A.E. “The Mathematical Theory of Relativity”, Cambridge at the University Press, ISBN 9781116795080

38

2: Schwarzschild Solution Evolution

2: Schwarzschild Solution Evolution

2.03 Clarification and Simplification of “the” Schwarzschild solution

Because “R” is a specific value of coordinate “r”, it is a hypothetical value within the Noether
frame that must be deduced from a proper measurement (from outside) and the knowledge of the
gravitation-factor, see chapter 5.

The evolved solution needs to be clear about what is measured by which observer and how. After
all, we have left the area of pure mathematics; the “measured from outside” radius of Schwarzschild
was the kick-off to measurement clarification.

Note that this solution connects coordinates and coordinate differences of a hypothetical Noether
frame (r, dr, θ, dθ, and dφ) with measured values of time differences (dt0 and dt∞ ) in consistent units.
Also note that this solution is clarification and simplification of Schwarzschild’s second
solution (see appendix B) and of other published solutions, notably that of Eddington in 1921, and
of Misner, Thorne, and Wheeler (except for the signs of space and time). This solution can also be
described in tensor form (see formula 2.03.1), see figure 2.03.

The first clarification is to who and how the line-element “ds” is measured. Einstein simply stated
that this line-element is measurable by “rod-clock measurements”. When looking back at the local
Minkowski formula, it is clear that we talk about c.dt0 , the multiplication of a constant speed of
light “c” and the measurement of a time difference on a proper clock “dt0”. From here on, we will
no longer use “ds” (italic) as symbol for Einstein’s line-element, but use “c.dt0” in the solutions and
“ds” (not italic) for a space distance as Riemann did (ds2 = dx2 + dy2 + dz2). The product of the speed
of light “c” and the proper time difference “dt0” is measured in proper meters [m0 ].

c2.dt02 = c.dt∞ dr dα dβ

Secondly, the time difference “dt” in the space-time coordinate system of a sphere of incompressible
liquid is measured from far, theoretically from infinity. Time has to be measured from infinity,
closer by the clock and thus time are influenced by gravitation. We will therefore clarify this time
difference as a measured time difference, measured by the Schwarzschild observer (from far, but
static within the reference frame), symbolized by “dt∞”.

σ2 = 1 – RS / r
│gμν│ = –1

σ2 0 0
0 –σ–2 0
0 0 –1
0 0 0

0 c.dt∞
dr
0
dα
0
–1 dβ

dα = r.dϑ
dβ = r.sinϑ.dφ

Thirdly, we will consider “r”, “θ”, and “φ” the polar coordinates of a coordinate system within a
hypothetical Euclidean (“flat” or uncurbed) reference frame measurable in meters [m]. We have to;
coordinate systems in curved space are meaningless. How do you locate your axes in vacuum, let
alone a space-time event, when your coordinate axes are curved? Which units are you using if these
are depending on the location? We will have to separate hypothetical reference frames from real
and curved space-time. In chapter 4, we will look at curved space-time within a Euclidean reference
frame (extrinsic curvature).

We can now proceed with checking “the” Schwarzschild solution (2.03.1) for its compatibility with
Einstein’s field equations.

Fourthly, we will introduce the gravitation-factor “σ”; simplifying, but not modifying, the
equations. This gravitation-factor ranges from 0.0 to 1.0, depending on the strength of the
gravitational field at any location. This factor is to gravitation what the boost-factor is to speed.
Strong gravitation has a gravitation-factor “σ” close to zero, while Euclidean (“flat”) space has
a gravitation-factor “σ” of one everywhere. Einstein’s gravitational potential “ΦE” equals the
gravitation-factor squared: ΦE = σ2.

solution” is a solution which has four matching field equations on both sides of the “=” sign. The
full answer is given in appendix E. The outcome is disappointing; the field equations do not add up:

Figure 2.03: “The” Schwarzschild solution with covariant metric tensor “gµν”

σ2 0 0 0 c.dt∞
dx
0 –σ–2 0 0
2.04 Field
equations of “the” Schwarzschild solution
2
dy
σ = 1 – RS / r
0 0 –1 0
The question is, is this evolved solution in conflict with Einstein’s field equations; is “the” solution
dz by Einstein’s rules. A “correct
│gThe
0 a solution
0 0 which
–1 abides
= –1 call an “exact solution”
μν│authors
correct?
c2.dt02 = c.dt∞ dx dy dz

Finally, we will symbolize the Schwarzschild radius with “RS” instead of “α”, a normal practice
nowadays. We thus get “the” clarified and simplified (but unrepaired) Schwarzschild solution to a
sphere of incompressible liquid:
c2.dt02 = c2.σ2.dt∞2 – dr2 / σ2 – r2.(dθ2 + sin2θ.dφ2)
σ
= (1 – RS / r)½
RS
= 2G.M / c2

[m02]
[]
[m]

“the” Schwarzschild solution
gravitation-factor (r ≥ R)
Schwarzschild radius

(2.03.1)
(2.03.2)
(2.03.3)

In these equations is “R” the coordinate radius of the sphere of incompressible liquid (Schwarzschild’s
Pa ), not to be confused with the original auxiliary variable “R”.

39

∂Г100 /∂x1 = –½RS2 / r4
∂Г100 /∂x1 = –½RS2 / r4

differentiation
substitution

(E.07.1)
(E.09.1)

∂Г111 /∂x1 = –6 / r6.σ4 + 10RS / r7.σ4 – 4.5RS2 / r8.σ4
∂Г111 /∂x1 = –4 / r6.σ4 – 2 / r6 + 6RS / r7.σ4 – 2.5RS2 / r8.σ4

differentiation
substitution

(E.07.2)
(E.09.2)

∂Г122 /∂x1 = 3 – 2RS / r
∂Г122 /∂x1 = 2 – 2RS / r

differentiation
substitution

(E.07.3)
(E.09.3)

∂Г133 /∂x1 = 3 – 2RS / r
∂Г133 /∂x1 = 2 – 2RS / r

differentiation
substitution

(E.07.4)
(E.09.4)
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The Schwarzschild solution has four field equations of the vacuum around a sphere of
incompressible liquid. The first of the two paired formulas is obtained by differentiation of the
Christoffel symbol “Г1ii” (i = 0…3), while the second of the two paired formulas is obtained
by substitution of the field equations. The terms in red are mismatching, the terms in green are
matching. Figure 2.04 illustrates the four field equations in Christoffel symbols (see appendix E)
graphically.

We then get:

1)
2)
3)
4)

∂Г100 /∂x1
∂Г111 /∂x1
∂Г122 /∂x1
∂Г133 /∂x1

–½RS2 / r4
–6 / r6.σ4 + 10RS / r7.σ4 – 4.5RS2 / r8.σ4
3 – 2RS / r
3 – 2RS / r

substitution
=
≠
≠
≠

exact derivative
= exact field equation outcome
approximate derivative = approximate field equation outcome
approximate derivative ≠ approximate field equation outcome
approximate derivative ≠ approximate field equation outcome

(E.12.1)
(E.12.2)
(E.12.3)
(E.12.4)

We see that the first field equation is correct, the second is a good approximation, while the third
and fourth field equations are simply wrong. Note that the indices “0” and “1” refer to the measured
time difference “dt∞” and the coordinate radius difference “dr”, while the indices “2” and “3” refer
to the coordinate differences “dθ” and “dφ”. In other words, the field equations of the Schwarzschild
solution in radial direction (when dθ and dφ are zero) can be regarded as correct (E.12.1) or a good
approximation (E.12.2), while in other directions you may expect the Schwarzschild solution to
come with wrong answers.

= –2Г001.Г100
= –Г010.Г010 – Г111.Г111 – Г212.Г212 – Г313.Г313
= –Г122.Г221 – Г221.Г122
= –Г133.Г331 – Г331.Г133

differentiation
1)
2)
3)
4)

∂Г100 /∂x1 = –½RS2 / r4
∂Г111 /∂x1 ≈ –6 / r6
∂Г122 /∂x1 ≈ 3 ≠ 2
∂Г133 /∂x1 ≈ 3 ≠ 2

This must be the reason why Hafele and Keating did not use the Schwarzschild solution as the only
theoretical basis for their experiments (see book I). Shapiro did also not use the Schwarzschild
solution to explain his experiment, see chapter 4.

–½RS2 / r4
–4 / r6.σ4 – 2 / r6 + 6RS / r7.σ4 – 2.5RS2 / r8.σ4
2 – 2RS / r
2 – 2RS / r

In any case, we may not use “the” Schwarzschild solution in strong gravitation, which is where
the approximations get bad. To base the existence of singularities on this solution is not done, only
Schwarzschild’s first and exact (but not correct) solution deals with singularities, see appendix E.

Figure 2.04: Field equations of “the” Schwarzschild solution

Only the first field equation corresponds to the derivative (all terms printed in green)! The other
three do not (unequal terms in red), Schwarzschild’s “offenbar” may have been a step towards better
and measurable results, but his solution and the evolved solutions are not compatible with Einstein’s
field equations, see appendix E. “The” Schwarzschild solution is not a correct solution to Einstein’s
field equations! The key question is; where do we go from here?

2.06 Birkhoff’s theorem
The current solution is a merger of both of the original Schwarzschild solutions, see figure 2.06,
based on the Birkhoff theorem:
Schwarzschild Solution 1
Singularity
by Schwarzschild (1916)

2.05 Schwarzschild solutions are a very good approximation of gravitation
We have an exact Schwarzschild solution (his first), which comes to strange results for the speed
of light and for orbits around a hypothetical singularity. We have a second exact solution, which
Schwarzschild modifies of which the field equations don’t correspond to the derivatives of the
Christoffel symbols.
On top of that, both solutions are not correct solutions to Einstein’s theory of General Relativity,
see appendix E. However, this merged and modified solution results in good explanations of
experiments (escape speed, perihelion of Mercury, bending of starlight around the sun,
gravitational redshift, geodetic effect and others).
Even though the field equations do not add up, experiments confirm the equations in good
approximation. Let us have a look at the first approximation of the above field equations in case
the gravitation is not too strong (r >> RS and σ ≈ 1).

Schwarzschild Solution 2
Sphere (Inside + Outside)
by Schwarzschild (1916)

First
Modification

Schwarzschild Solution
Singularity
by Eddington (1922)

Auxiliary “R”
becomes coordinate “r”

Second
Modification

“the” Schwarzschild Solution
Sphere (Inside + Outside)
by MTW (1970)

Birkhoff’s theorem, radius “R”,
and formula for inside sphere

Figure 2.06: Schwarzschild solution evolution
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Birkhoff’s theorem states that any spherically symmetric solution of the vacuum field equations
must be static and asymptotically flat. The solution in vacuum outside of the sphere of solution 2
should therefore be equal to the vacuum around a singularity of solution 1, but is it?

Eddington based his solution on both of Schwarzschild’s solutions, the format of Schwarzschild’s
first solution, but the “measured from outside radius” of Schwarzschild’s second solution as the
new coordinate of his implied reference frame. He used the outcome to explain planetary orbits
around the sun and the deflection of starlight around the sun; the sun is a sphere and certainly
not a singularity. Eddington made the first step towards a single solution, although he clearly stated
using Schwarzschild’s first solution and its validity in weak gravitation only.

Let us have a look at the original Schwarzschild solutions in appendix A and B. When looking at
the auxiliary variable “R” of both solutions in vacuum (see also paragraph 2.01 and 2.02), we get:
R3 = r3 + α3
R3 = r3 + ρ

[m3]
[m3]

solution 1
solution 2

Misner, Thorne, and Wheeler (MTW) used Eddington’s formula (Schwarzschild’s first solution in
which auxiliary “R” became a reference frame coordinate “r”) and Birkhoff’s theorem as the basis
for the solution to a sphere of incompressible liquid (Schwarzschild’s second solution in which “R”
is changed into the constant coordinate radius of the sphere). This twice modified solution (“the”
Schwarzschild solution) rests on the validity of Birkhoff’s theorem, which is shown to be incorrect
for Schwarzschild’s original solutions!

The merger of both solutions is justified when ρ = α3 in vacuum. Let us investigate the case in
which the radius of a sphere of incompressible liquid “Pa” equals the Schwarzschild radius “α”
(also called the “event horizon” of a black hole). According to formula (40) of appendix B, this
means that sinχa = 1.0.
As a side issue, this formula (40) is only valid for Pa ≥ α, the sinus function is limited to 1.0.
Schwarzschild’s second solution is thus conditional to a radius of a sphere that is larger than or
equal to the Schwarzschild radius. In other words, there is no “falling through the event horizon”
according to Schwarzschild’s original solution to a sphere of incompressible liquid.

MTW also reversed the signs of space and time, contradicting Minkowski’s formula in Euclidean
space. Thirdly, they introduced their own solution for the inside of the sphere, see figure 2.06. In
other words, “the” Schwarzschild solution rests on two original Schwarzschild solutions, the change
of auxiliary “R” to coordinate “r”, equality of the solutions in vacuum (Birkhoff’s theorem), and
a new formula for the inside of the sphere.

Let us get back to Birkhoff’s theorem, the case of equality of the radius of the sphere and the
Schwarzschild radius of Schwarzschild’s second solution: Pa = α, sinχa = 1.0, and thus cosχa = 0.0.
Then according to formula (33) and (34): ρ = 1½α3 on the Schwarzschild radius. Taking a larger
value for Pa, for example 9/8 α, makes the difference with solution 1 less, but does not make the
difference disappear.

2.07 Evolution summary
The first and exact Schwarzschild solution comes with a variable speed of light and strange orbital
characteristics. This first and exact solution allows particles to orbit singularities closely at low
speeds, if singularities would exist in physics. This solution is not a correct solution to Einstein’s
field equations (not all four field equations match), see appendix E.

In other words, Both Schwarzschild solutions in vacuum are not equal to each other! Is the Birkhoff
theorem wrong, did Schwarzschild make mistakes, or are there mistakes in Einstein’s theory of
General Relativity?

The evolved Schwarzschild solution (“the” Schwarzschild solution) is also not a solution that
matches all four of Einstein’s field equations, but a good approximation of Einstein’s field equations
in a weak gravitational field (r ≥ R >> RS ) and in radial direction only. This evolved Schwarzschild
solution has not failed the test of real experiments, all of which are done in weak gravitation and
used radially only.

Birkhoff’s theorem is based on General Relativity, if Birkhoff’s theorem is wrong, then so is
General Relativity. The authors will argue that the Schwarzschild solutions to Einstein’s theory do
not adhere to Noether’s laws of energy-momentum conservation for the wider Noether frame and
that the Schwarzschild solutions are exact (no errors of Schwarzschild), but not correct (not having
four matching field equations), see appendix E.

The Schwarzschild solution will have to be repaired for energy-momentum conservation within the
wider Noether frame, ensuring an invariant speed of light “c”. The Schwarzschild solution will also
have to be repaired for the non-radial directions. With this knowledge in the background, let us first
analyze the errors of the Schwarzschild solution in more detail.

The difference between the two original Schwarzschild solutions gets less the larger the
coordinate “r” gets; at infinity the solutions are equal and are also equal to Newton’s laws.
However, merging the two solutions into one solution in vacuum is simply incorrect in strong
gravitation.
Schwarzschild first solution is an exact solution for singularities, but is also not a
correct solution, see appendix E. Schwarzschild’s second solution introduces the “measured
from outside radius” without specifying which observer measures this radius, the measurement
equipment used, and the measurement units used, but is experimentally confirmed on earth.
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The authors have identified three errors in “the ” Schwarzschild solution; of a sphere the solution as
clarified and described by formula (2.03.1):

A Noether frame is a hypothetical Euclidean reference frame within which space-time curves. Real
observers are located within real space-time, but the laws of physics (like Pythagoras and
energy-momentum conservation) can only be applied within the hypothetical Noether frame.

c2.dt02 = c2.σ2.dt∞2 – dr2 / σ2 – r2.(dθ2 + sin2θ.dφ2)
σ
= (1 – RS / r)½
RS
= 2G.M / c2

[m02] “the” Schwarzschild solution
[]
gravitation-factor (r ≥ R)
[m] Schwarzschild radius

(2.03.1)
(2.03.2)
(2.03.3)

This Noether frame is missing in the description of General Relativity and therefore missing
in the Schwarzschild solution. In chapters 4 and 5, we describe the Noether frame and its
relation to real space-time and its observers. In chapter 6, we demonstrate the relation between
Einstein’s local energy-momentum and Noether’s frame-wide energy-momentum conservation.

We will have a look, in chronological order, at the reference frame, the interpretation of time, and
the speed of light.

3.02 Second error: Time is misinterpreted
The authors will argue that a Noether frame is necessary to apply our laws of physics, like applying
Pythagoras and energy-momentum conservation. Such a Noether frame is missing from Einstein’s
theory of General Relativity and thus from the Schwarzschild solution.

The Schwarzschild solution contains a measured time differential “dt∞”. This time difference
is measured from far, theoretically infinitely far from the massive sphere. However, this time
difference is a measurement, not a coordinate of a space-time reference frame. Within actual spacetime, the time difference as measured on a clock (proper time difference “dt0”), differs from one
location to the other.

Albert Einstein described energy-momentum conservation extensively in his theory of General
Relativity. However, the reader needs to realize that the energy-momentum conservation is limited
to a very small region around the local observer. Einstein’s energy-momentum conservation is
described in second order partial differentials of the gravitational potential “ΦE”, see paragraph
1.07, not within a wider reference frame.

Within a (Noether) reference frame, we need the same time throughout the reference frame in order
to describe events (t,x,y,z) in which time “t” must be independent of the space coordinates “x”, ”y”,
and “z”. However, time “t” is neither the proper time “t0” nor the time as measured from infinity
“t∞”, because both “t0” and “t∞” are dependent on the space coordinates of the events. Time “t” must
be the synchronized time within a Euclidean reference frame.

The wider reference frame in Cartesian (t,x,y,z) or polar (t,r,θ,φ) coordinates is neither described nor
defined. His “relativity principle” allows different coordinate systems to be substituted, but Einstein
did not describe how such a coordinate system within curved space-time is measured.

In other words, time “t” it is the time as it would be if there was no sphere of incompressible liquid.
We effectively have to deal with three different kinds of time differences, which we will symbolize
by “dt∞” (time difference as measured infinitely far away), “dt0” (proper time difference as measured
on a local clock), and “dt” (synchronized time difference throughout the Noether frame, a hypothetical
time difference to be used for the laws of physics).

3.01 First error: Noether frame is missing

How do you define a coordinate system within curved space-time? Do the space axes of the
coordinate system curve with space? If so, how do you then measure a distance? Even for a sphere,
where polar coordinates form a close resemblance to the actual space, we fail to draw the coordinate
“r” with markings every meter. Who marks the meters, the local observer? And what if this meter is
contracted or dilated at different locations?

Note that for events at infinity and at infinity only, these three time differences are equal. The
Schwarzschild solution contains “dt∞” and “dt0”, but not “dt”, see formula (2.03.1) again:
c2.dt02 = c2.σ2.dt∞2 – dr2 / σ2 – r2.(dθ2 + sin2θ.dφ2)

Emmy Noether studied the requirements of space-time in order to prove energy-momentum
conservation. In summary, space has to be homogenous (everywhere the same) and isotropic (the
same in all directions), while the laws of nature and the constants of nature (speed of light “c”,
Newton constant “G”, and others) have to be invariant to space and time (be the same everywhere
and stay the same). Curved space-time around a spherical mass like the earth or the sun is neither
homogenous nor isotropic.

[m02]

“the” Schwarzschild solution

(2.03.1)

We have now interpreted and symbolized time correctly, while we interpret r, θ, and φ as
polar coordinates within the Noether frame. The relation between Noether “dt” and these two
measurements “dt∞” and “dt0” is crucial in applying our laws of physics. However, how do we
obtain the coordinate of time “dt”? Fortunately, the Shapiro solution and experiment of 1964
provides us with the wanted relation (dt∞ = dt / σ2), see chapter 4. We thus get:

In other words, in curved space-time as reference frame, energy-momentum cannot be proven.
When coordinate axes are drawn along the curves of space-time, energy-momentum conservation
fails. Noether’s laws require a coordinate system to be drawn within Euclidean (“flat”) space. Such
a reference frame must therefore be detached from the actual space-time.

c2.dt02 = c2.dt2 / σ2 – dr2 / σ2 – r2.(dθ2 + sin2θ.dφ2) [m02]

Shapiro/Schwarzschild solution

(3.02)

The Shapiro/Schwarzschild solution provides us with the relation between space-time coordinates
within a Noether frame and the proper time as measured by a proper observer; a relation similar to
that in Special Relativity (dt0 = dt / γ). We need this relationship to be able to determine the speed of
light within the Noether frame, see next paragraph.
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3.03 Third error: non-compliance to Noether’s laws

However, the third error in the Shapiro/Schwarzschild solution is the non-compliance in any other
than the radial direction (for example ds/dt = r.dθ/dt, while “dr” and “dφ” are zero and ds = r.dθ):

Establishing a Noether frame and interpreting time correctly, does not automatically imply that the
Schwarzschild solution complies or does not comply with Noether’s laws of energy-momentum
conservation. As we will see later, some General Relativity solutions do and some do not comply
with Noether’s laws.

0
= c2.dt2 / σ2 – r2.dθ2
ds/dt = r.dθ/dt = dy/dt = c / σ > c

2,50

Schwarzschild radius of 1.00 [ls]
2,00

To measure (or establish) the speed of light, one has to measure a small space distance difference
“ds” over a small time difference “dt” of light in vacuum. Note that we are using “ds” exclusively
for a space distance (ds2 = dx2 + dy2 + dz2, or ds2 = dr2 + r2.dθ2 + r2.sin2θ.dφ2) within a Noether frame.
In other words, to ensure compliance with Noether’s laws, the following will have to be true for the
speed of light in vacuum:
[m.s–1]

invariant “c” condition

Radius “R” of 2.00 [ls]
1,50

speed of light [ls.s–1]
1,00

(3.03.1)
0,50

In this equation is “ds∞” the (small) space distance as measured from infinity, “ds” is the space
distance within a Noether frame (immeasurable, but obtainable with geometry), and “ds0” is the
(small) space distance as measured by a proper observer within the Noether frame in its own units.
This is in agreement with Einstein’s theory of Special Relativity. This is also in compliance with our
SI system of units, in which the coordinate speed of light is fixed at 299,792,458.

Center-of-mass
0,00
0,00

[m2]

solution for light in vacuum

3,00

4,00

5,00

6,00

Note that the speed of light is highest at the core of the sphere (twice the normalized speed). In the
next paragraph you hear what Einstein and Schwarzschild themselves have said about the speed
of light in gravitation. When the radius “R” of the sphere, which is 2.00 ls in figure 3.03, would
approach 1.5 times the Schwarzschild radius, the speed of light at the core would approach infinity,
an outcome similar to Schwarzschild’s statement in the next paragraph (when cosχa approaches ⅓).

The speed of light in radial direction (dθ = 0, dφ = 0, and dr = ds) then gets:
[m2]
[m.s–1]

r [ls]
2,00

This graph is based on a normalized speed of light (light-seconds per second) for a sphere of
incompressible liquid of a radius of twice the Schwarzschild radius. On the x-axis we find the
radial distance “r” in light-seconds for a sphere with a Schwarzschild radius of one light-second.
To compute the speed of light, formula (3.03.3) is used. The gravitation-factor “σ” outside of the
sphere is given by formula (2.03.2) and inside of the sphere by the formulas (4.13.1) and (4.13.3)
of chapter 4.

We can determine the speed of light in the Schwarzschild solution by dividing the change in position
“ds” (ds2 = dx2 + dy2 + dz2 = dr2 + r2.dθ2 + r2.sin2θ.dφ2, see paragraph 1.03) by the change in time
“dt”. We still need to decide in which direction the light goes. For example, in radial direction both
“dθ” and “dφ” are zero. In a transversal direction, either “dθ” or “dφ” is zero, while “dr” is zero. Let
us first have a look at the radial direction.

0
= c2.dt2 / σ2 – dr2 / σ2
ds/dt = dr/dt = dz/dt = c = 299,792,458

1,00

Figure 3.03: Speed of light in transversal direction

When interpreting the Schwarzschild solution correctly for time in the radial direction only, we
discover compliance with Noether’s laws. To see that, we need to understand that the proper time
of light in vacuum “dt0” equals zero. We then get for the Shapiro/Schwarzschild solution, formula
(3.02), for light:
0 = c2.dt2 / σ2 – dr2 / σ2 – r2.(dθ2 + sin2θ.dφ2)

solution for light (polar angle “dθ”)
speed of light (polar angle “dθ”) (3.03.3)

The outcome fails condition (3.03.1)! Note that the speed of light in the direction of the polar angle
change exceeds the defined speed of light “c”, see figure 3.03.

To comply with Noether’s laws, the constants of nature (like the speed of light) must be the same
everywhere and the same all the time. Einstein could have drawn the same conclusion from his
E = m.c2; energy is conserved when the speed of light “c” is constant and the same everywhere and
the same all the time. In other words, to all observers and within all Noether frames, the speed of
light in vacuum has to be equal to “c”, while “c” equals 299,792,458 [m.s–1 or m0.s0–1].

ds∞ /dt∞ = ds/dt = ds0 /dt0 = c = 299,792,458

[m2]
[m.s–1]

The speed of light in non-radial directions of the Shapiro/Schwarzschild solution fails Noether’s
laws of energy-momentum conservation.

solution for light (radial)
speed of light (radial direction) (3.03.2)

This means that “the” Schwarzschild solution fails to live up to Noether’s laws of energymomentum conservation in all but the radial direction. This is the third error. Also note that this
error is negligible in weak gravitation (σ ≈ 1), like on earth.

Note that this outcome agrees with condition (3.03.1)! In other words, the Shapiro/Schwarzschild
solution of formula (3.02) in radial direction fulfills Noether’s laws of energy-momentum
conservation!
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3.04 Einstein and Schwarzschild about the speed of light in gravitation

In other words, we measure ds/dt∞ , dividing apples over oranges, which we will call the “perceived
speed of light”; it is a mistaken perception, not the speed of light in a physical sense. When we look
at formula (2.03.1) again and determine the speed of light in radial direction again (dt0 , dθ, and dφ
are zero, while ds = dr), we get:

Einstein’s changed from a constant speed of light in his theory of Special Relativity to a variable
speed of light in his theory of General Relativity. This change is hidden by the (questionable)
normalization (c = 1) used by Einstein and Schwarzschild. However, neither of them was unclear
about the variable speed of light:
1)

2)

3)

0
= c2.σ2.dt∞2 – ds2 / σ2
cperceived = ds/dt∞ = σ2.c

Einstein (translated, see appendix C): “The principle of the constancy of the velocity
of light holds good according to this theory in a different form from that which usually
underlies the ordinary theory of relativity11”. Einstein’s formula: c = c0.(1 + Φ / c2),
Einstein confirms that the speed of light depends on the gravitational potential “Φ”.

[m2]
[m.s–1]

radial solution for light
perceived speed of light

(3.05)

In other words, it is our long distance perception only that light slows down considerably in an area
with strong gravitation (σ << 1), the real speed of light is determined by ds∞/dt∞, or ds/dt, or ds0/dt0,
see paragraph 4.09.

Einstein (translated): “It will also be obvious that the principle of the constancy of the
velocity of light in vacuo must be modified, since we easily recognize that the path of a
ray of light with respect to Kˈ must in general be curvilinear, if with respect to K light is
propagated in a straight line with a definite constant velocity12”.

3.06 Variable and perceived speed of light
Note how close the perceived speed of light of formula (3.05) resembles Einstein’s variable speed
of light of formula (2.01.4):

Schwarzschild (translated, see formula 44 of appendix B): “The velocity of light
inside our sphere becomes: v = 2 / (3cosχa - cosχ ), growing from 1/cosχa on the surface
to 2 / (3cosχa – 1) at the core”. Schwarzschild confirms the variable speed of light too, in
his second solution.

cperceived = σ2.c = c.(1 – RS / r)
c		
= c0.(1 + Φ / c2)

[m.s–1]
[m.s–1]

perceived speed of light
Einstein’s speed (original form)

(3.05)
(2.01.4)

Note that Einstein’s variable speed of light looks like a third degree equation. However, when
retracing the meaning of the “c” of the term Φ / c2, it turns out to be the constant “c” of his “ordinary
theory of relativity”, which is now called his theory of Special Relativity. In other words, this “c”
is the invariant speed of light. The formula could therefore better be described by:

In other words, both Einstein and Schwarzschild were very clear about the variable speed of light
in the theory of General Relativity.

3.05 Perceived speed of light

cvariable		

Being an observer from far, we do not see the curvature of vacuum around a distant sphere. When
applying geometry, we apply physics in a Noether (Euclidean) space. For example, when locating a
black hole, we look for orbits of (companion) stars around the black hole. The distance from us to
the black hole is then simply computed based on geometry within Euclidean space, like Pythagoras’
law and triangulation. However, around a black hole space is not Euclidean.

= c.(1 + Φ / c2)

[m.s–1]

Einstein’s speed of light

(3.06)

In this formula is “cvariable” the variable speed of light in a gravitational field, “c” the invariant speed
of light and “Φ” the gravitational potential. If the gravitational potential “Φ” equals –2G.M / r,
the equation of the variable speed of light equals the perceived speed of light!
Note that Einstein’s gravitational potential in his theory of General Relativity “ΦE” equals
1 – 2G.M / c2.r, the “Φ” of formula (3.06) divided by c2 plus an extra term of “1”, see paragraph 1.07.

We know from the Shapiro experiment (see chapter 4) that the distances become larger. If this black
hole would be a singularity, then the travel distance would be infinitely large.

In other words, the Schwarzschild solution in radial direction echoes Einstein’s variable speed of
light in gravitation, while this speed of light is actually a perceived speed of light of formula (3.05).
In chapter 4, we will be more specific about Einstein’s gravitational potential “ΦE” and its relation
with the gravitation-factor.

Yet, we state that the black hole at the center of our Milky Way is about 26,000 light-years
away from us! Is this black hole infinitely far or 26,000 light-years away from us? Intuitively, we
measure distance in Euclidean space! This intuition is not a problem; we can apply most of our laws
of physics, like geometry, within a Noether frame only.
When measuring or determining the speed of light, we need to ensure that we divide the correct
distance over the correct time: ds∞ /dt∞ , or ds/dt, or ds0 /dt0 . When measuring on earth (from starlight
from far), we intuitively measure within the Noether (Euclidean) frame for distances “ds”, while we
intuitively measure time on our own clock “dt∞”, while we should use the Noether time difference
“dt”.

11
12

Einstein A. “Über den Einfluss der Schwerkraft auf die Ausbreitung des Lichtes“, Annalen der Physik, 35, 1911.
Einstein A. “Foundation of the General Theory of Relativity” end of paragraph 2.
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3.07 Einstein’s variable speed of light in practice

3.08 Detailed error analysis of Eddington’s derivation

Let us now see how the speed of light on earth and near a black hole looks like when we use “the”
Schwarzschild solution, to give you an idea of the errors. In “the” Schwarzschild solution, the speed
of light in radial direction using “dt∞” instead of “dt” (ds/dt∞ = dr/dt∞ = dz/dt∞ ) differs from the
speed of light in transversal direction using “dt∞” (ds/dt∞ = r.dθ/dt∞ = dy/dt∞ ).

In 1922, Eddington described the first Schwarzschild solution in clear English and with
mathematical comments13. This is the oldest analysis of Schwarzschild’s first solution the
authors could find (after Schwarzschild’s original papers of 1916, see appendix A). He derived the
solution in a different way, a way which is copied by many authors (including MTW) since then.

For example, using formula (2.03.1) of “the” Schwarzschild solution, the speed of light on the
surface of the earth equals (RS = 0.008 870 [m] and r = 6,371 [km]):

The essential error in his analysis is found in chapter 3, paragraph 38. Eddington wrote the following
(in blue; literally quoted including the formula numbers; the questionable reasoning is printed in
red):

crad = dr/dt∞ = σ2.c = 299,792,457.6
ctrans = r.dθ/dt∞ = σ.c = 299,792,457.8

[m.s–1]
[m.s–1]

vertical speed of light on earth
horizontal speed of light on earth

“In flat space-time the interval, referred to polar spherical coordinates and time, is
ds2 = – dr2 – r2 dθ2 – r2 sin2θ dφ2 + dt2

Note that the deviation from the speed of light as defined by the SI organization is less than
½ [m.s–1], not detectable since the speed of light is by SI definition equal to 299,792,458 [m.s–1].

If we consider what modifications of this can be made without destroying the spherical symmetry
in space, the symmetry as regards past and future time, or the static condition, the most general
possible form appears to be

What is detectable, is the difference between the horizontal and vertical speed of light. The modern
successors of the Michelson-Morley experiments limit the deviation between two directions to
1.0 x 10–7 of the speed of light or 30 [m.s–1].

ds2 = – U (r) dr2 – V (r) (r2 dθ2 – r2 sin2θ dφ2) + W (r) dt2

The accuracy will have to increase by a factor of 1000 to prove/disprove “the” Schwarzschild
solution. However, the experiment proves that the proper frame is (nearly) Euclidean, the authors
withdraw their statement that the proper frame is deformed, as described in our first book, see
book III.

(38 12),

where U, V, W are arbitrary functions of r. Let
r12 = r2 V (r).
Then (38 12) becomes of the form

When we use the current Schwarzschild solution for a black hole singularity, we get for the speed of
light at the Schwarzschild radius (also called the “event horizon”) the following outcome (r = RS ):
crad = 0.0
ctrans = 0.0

(38 11).

ds2 = – U1 (r1) dr12 – r12 dθ2 – r12 sin2θ dφ2 + W1 (r1) dt2

(38 13),

where U1 and W1 are arbitrary functions of r1. There is no reason to regard r in (38 12) as more
immediately the counterpart of r in (38 11) than r1 is. If the functions U, V, W differ only slightly
from unity, both r and r1 will have approximately the properties of the radius-vector in Euclidean
geometry, but no length in non-Euclidean space can have exactly the properties of a Euclidean
radius-vector, and it is arbitrary whether we choose r or r1 as its closest representative. We shall
here choose, and accordingly drop the suffix, writing (38 13) in the form

[m.s–1] speed of light on event horizon radially
[m.s–1] speed of light on event horizon transversally

This explains why believers in the black hole singularity say that no light can escape from a black
hole; the speed of light then equals zero. Note that the energy of any mass-particle on the event
horizon must then equal zero (E = m.cvar2 = 0), which means that there would be no falling through
the event horizon, but a total annihilation of matter at the event horizon.

ds2 = – eλ dr2 – r2 dθ2 – r2 sin2θ dφ2 + eν dt2

In chapter 9, we will discuss the black hole in more detail. The authors do not support a black hole
as a singularity; neither as a coordinate singularity nor as a “real” singularity (near infinite density
point). The authors are also bound by an invariant speed of light by Noether’s conservation laws.

(38 2),

where λ and ν are functions of r only.” (End of quote, the questionable reasoning is printed in red)
The authors have no problem with this reasoning of Eddington, as long as we do not forget to put
V (r) back into the end result since r is the coordinate of a Noether (Euclidean) reference frame, while
r1 is not, r1 is the radius-vector within curved space-time. V (r) differs as much from unity as U (r)
does, both refer to a small difference in space “ds”, while W (r) refers to a small difference in time.

Let us first look at Eddington’s version of the Schwarzschild solution of 1922, which differs from
Schwarzschild solution in the use of radial distance as coordinate and as measurement.

13

51

Eddington A.E. “The Mathematical Theory of Relativity”, Cambridge at the University Press, ISBN 9781116795080
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The V (r) is made equal to one by Eddington by questionable reasoning (working towards
Schwarzschild’s solution of 1916?). Putting V (r) back into (38 2) delivers:

In Schwarzschild’s solution, “R” is an auxiliary variable (R3 = r3 + α3, α = RS ), while in Eddington’s
solution and in all of the copies since then, “r” is the coordinate, not an auxiliary variable and “R”
is the radius of the sphere, see chapter 2 for the details.

ds2 = – eλ dr2 – V (r) (r2 dθ2 – r2 sin2θ dφ2) + eν dt2

(3.08.1)

At the end of the day, it was Einstein who was too rigorous with his demand for a determinant of
the covariant metric tensor “gµν” of minus one. Einstein’s own solutions do not adhere to his own
demand, but only adhere to his own demand in the Newtonian limit, see paragraph 1.06.

The authors come to the conclusion that V (r) equals eλ, based on the homogeneity and isotropy
of the Noether frame (the unit meter being the same in all directions). In other words, and in the
clarified and simplified form of the Schwarzschild solution of paragraph 2.03 (invariant speed of
light “c” added and “dt” clarified as measured from infinity “dt∞”), we get:
c2.dt02 = c2.eν.dt∞2 – eλ.dr2 – eλ.r2.(dθ2 + sin2θ.dφ2)

Secondly, Einstein’s theory may not be seen as an exact description of gravitation, it must be seen
as a better approximation of gravitation than Newton’s laws are, see appendix E.

(3.08.2)

On top of that, Schwarzschild changed the meaning of “R” in his second solution (a “measured from
outside” radius, see appendix B), starting the confusion between measurements, coordinates, and
coordinate systems in the first place.

This formula can further be reduced by the fact that the space distance “ds” within the Noether
(Euclidean) frame equals dr2 + r2.(dθ2 + sin2θ.dφ2):
c2.dt02 = c2.eν.dt∞2 – eλ.ds2

(3.08.3)

3.09 Error summary

Looking at formula (3.08.3) makes it much easier to see the omission or unification of V (r) in front
of the term (r2 dθ2 + r2 sin2θ dφ2) of Eddington’s formula (38 2). When we substitute eν by σ2 and eλ
by 1 / σ2, we get:
c .dt0 = c .σ .dt∞ – dr / σ – r .(dθ + sin θ.dφ ) / σ
2

2

2

2

2

2

2

2

2

2

2

2

[m0 ] repaired solution
2

The Schwarzschild solution contains three errors:
1)
2)
		
3)
		

(4.06.1)

Note that in another solution to Einstein’s theory, the Robertson-Walker solution, V (r) was not
omitted14: eλ = a(t). The authors do not stand alone in recognizing the omission of V (r).
The importance of U, V, W being about equal to unity

the wider Noether frame, within which the laws of physics apply, is missing,
the time difference as measured from infinity is unequal to the coordinate of time difference
as defined within a Noether frame, and
even after correctly interpreting time, the speed of light in non-radial directions exceeds the
speed of light as defined by the SI organization (c = 299,792,458 m.s–1).

On top of that, the partial derivatives of the Christoffel symbols of “the” Schwarzschild solution do
not exactly correspond to all four of Einstein’s field equations of “the” Schwarzschild solution, this
evolved solution is not a correct solution to Einstein’s field equations, see appendix E.

Note that Eddington’s reasoning also depends on U, V, W to differ slightly from unity. This will
reinforce our statement that Einstein’s theory of general Relativity is a better approximation of
gravitation the “flatter” space-time is. Einstein’s theory may not be seen as an exact description of
gravitation, it must be seen as a better approximation of gravitation than Newton’s laws are, see
paragraph 8.15.

However, the field equations of the current Schwarzschild solution are a better approximation of
gravitation than Newton’s laws are. In the next chapter, we will repair the Schwarzschild solution
for these three identified errors.

Consequences of the omission
The formula (38 2) is also the basis for the analyses of Misner, Thorne, and Wheeler in
“Gravitation”15 (formula 23.7) and many other authors. In other words, since 1922 a mistake is
made in the Schwarzschild solution which keeps being copied by subsequent authors.
Did Schwarzschild make a mistake?
Eddington seems to have the same outcome in 1922 as Schwarzschild’s outcome in 1916. In other
words, saying that Eddington omitted something could seem to imply that the original Schwarzschild
(in appendix A) solution is mistaken. However, Schwarzschild’s first solution only looks like
Eddington’s outcome. The main difference is found in the meaning of “r” and “R”.

14
15

Wikipedia “Robertson-Walker solution”
Misner, Thorne, and Wheeler in “Gravitation” formula 23.7, ISBN 0-7167-0344-0.
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